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. Abstract 

(N 

We study a scmilincar equation with derivatives satisfying a null condition on slowly rotating Kerr 
spacetimes. We prove that given sufficiently small initial data, the solution exists globally in time and 
decays with a quantitative rate to the trivial solution. The proof uses the robust vector field method. 
It makes use of the decay properties of the linear wave equation on Kerr spacetime, in particular the 
improved decay rates in the region {r < |}. 
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1 Introduction 

In this paper, we consider the global existence for small data for a semilinear equation with null condition 
on a Kerr spacetime. Kerr spacetimes are stationary axisymmetric asymptotically flat black hole solutions 
to the vacuum Einstein equations 

Rfiv = 

in 3 + 1 dimensions. They are parametrized by two parameters (M, a), representing respectively the mass 
and the angular momentum of a black hole. We study semilinear equations on a Kerr spacetime with a <C M 
of the form 

n 9K <t> = f(d$), 

where O gK is the Laplace-Beltrami operator for the Kerr metric §k , and F denotes nonlinear terms that are 
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at least quadratic and satisfy the null condition that we will define in Section [1.2l 

The corresponding problem on Minkowski spacetime has been well studied. In 4+1 or higher dimension, 
the decay of the linear wave equation is sufficiently fast for one to prove global existence of small data for 
nonlinear wave equations with any quadratic nonlinearity |16j . However, in 3+1 dimensions, which is also 
the dimension of physical relevance, the decay rate is only sufficient to prove the almost global existence of 



solutions 115] . Indeed, a counter-example is known 114] for the equation 

□ m $ = (9 f $) 2 . 

Nevertheless, if the quadratic nonlinearity satisfies the null condition defined by Klainerman, it has been 
proved independently by Christodoulou [4] and Klainerman [17] that any solutions to sufficiently small initial 
data are global in time. There have been an extensive literature on extensions and variations of the original 
results, including the cases of the multiple-speed system and the exterior domains ([2B], [27], [21], [22]). 

The decay rate of the solutions to the linear wave equation on Kerr spacetimes with a <C M have 
been proved in [7J, [T], [33] and [3D]. The known decay outside the set {ct* < r < Ct*} is sufficiently 
strong and the proof of them (in [7J , pQ and [5UJ ) is sufficiently robust that one expects the main obstacle 
from proving a small data global existence result (if it indeed holds) would come from quantities in the set 
{ct* < r < Ct*}. This set, however, approaches the same set in Minkowski spacetime as t* — > oo due to the 
asymptotic flatness of Kerr spacetimes. Therefore, one expects that with a null condition similar to that on 
the Minkowski spacetime, a similar global existence result holds. Indeed, we have (see the precise version in 
Section 0) 
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Main Theorem 1. Consider □ SK < I > = F(D<f>) where F satisfies the null condition (see Section ] Then 
for any initial data that are sufficiently small, the solution exists globally in time. 

Our major motivation in studying the null condition on a Kerr spacetime is the problem of the stability 
of the Kerr spacetime. It is conjectured that Kerr spacetimes are stable. In the framework of the initial value 
problem, the stability of Kerr would mean that for any solution to the vacuum Einstein equations with initial 
data close to the initial data of a Kerr spacetime, its maximal Cauchy development has an exterior region 
that approaches a nearby, but possibly different, Kerr spacetime. In the case of the Minkowski spacetime, the 
null condition has served as a good model problem for the study of the stability of the Minkowski spacetime. 
We hope that this work will find relevance to the problem of the stability of the Kerr spacetime. 

1.1 Some Related Known Results 

We turn to some relevant work on linear and nonlinear scalar wave equations on Kerr spacetimes. The 
decay of solutions to the linear wave equation on Kerr spacetimes has received considerable attention. We 
mention some results on Kerr spacetimes with a > here and refer the readers to [7J, [TO] for references 
on the corresponding problem on Schwarzschild spacetimes. There has been a large literature on the mode 
stability and non-quantitative decay of azimuthal modes (See for example [25], [12], [32], [TO], [TTJ and 
references in (7J). The first global result for the Cauchy problem was obtained by Dafermos-Rodnianski in 
[5J, in which they proved that for a class of small, axisymmetric, stationary perturbations of Schwarzschild 
spacetime, which include Kerr spacetimes that rotate sufficiently slowly, solutions to the wave equation are 
uniformly bounded. Similar results were obtained later using an integrated decay estimate on slowly rotating 
Kerr spacetimes by Tataru-Tohaneanu |30) . Using the integrated decay estimate, Tohaneanu also proved 
Strichartz estimates [3"T] . 

Decay for general solutions to the wave equation on sufficiently slowly rotating Kerr spacetimes was first 
proved by Dafermos-Rodnianski [7J with a quantitative rate of |$| < C(t*)~ 1+Ca . A similar result was later 
obtained by [JJ using a physical space construction to obtain an integrated decay estimate. In all of [50], [Z] 
and [JJ, the integrated decay estimate is proved and plays an important role. All proofs of such estimates 
rely heavily on the separability of the wave equation, or equivalently, the existence of a Killing tensor on 
Kerr spacetime. In a recent work [5], Dafermos-Rodnianski prove the non-degenerate energy decay and the 
pointwise decay assuming the integrated local energy decay estimate and boundedness for the wave equation 
on an asymptotically flat spacetime. Their work shows a decay rate of |$| < Ct^ 1 and improves the rates in 
[7J and [JJ. In a similar framework, but assuming in addition exact stationarity, Tataru 29 proved a local 
decay rate of (t*)~ 3 using Fourier-analytic methods. This applies in particular to sufficiently slowly rotating 
Kerr spacetimes. Dafermos and Rodnianski have recently announced a proof for the decay of solutions to 
the wave equation on the full range of sub-extremal Kerr spacetimes a < M. 

For nonlinear equations, global existence for the equation with power nonlinearity O gk $ = ±|$| P <I> was 
initiated in [53] and [53], in which the large data subcritical defocusing case of p = 2 is studied. Later, there 
have been much work on the small data problem in which the sign of the nonlinearity is not important, 
and that the dispersive properties of the linear equation plays a crucial role. Global existence was proved 
for small radial data for p > 3 on Reissner-Nordstrom spacetime [5] and for general small data vanishing 
on the bifurcate sphere for p > 2 [2] on Schwarzschild spacetime. Global existence was also proved for 
p = 4 on Schwarzschild spacetime with general data that has small non-degenerate energy [13] . This was 
extended to the case of sufficiently slowly rotating Kerr spacetime in [31] . Counterexample is known for the 
case < p < \pl [3j. To our knowledge, the present work is the first work on semilinear equations with 
derivatives on black hole spacetimes. 

1.2 The Statement of the Main Theorem 

Before introducing the null condition and stating the precise version of the Main Theorem, we briefly intro- 
duce the necessary concepts and notations on Kerr geometry and the vector field method. See [20) for more 
details. 
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The Kerr metric in the Boyer-Lindquist coordinates takes the following form: 



2M 



a cos 9 

7 1 -J„2 , 2 



9K=-[1- —, 2 tjt dt + om 2 dr + r 1 + 5 dd 



2 (2M\ a 2 sin 2 9 \ . 2/wj2 asin 2 (9 , 

- + -77: a2cos2(n sin 2 0# 2 - 4M — dtd4>. 

\ r ) r 2 (l+ a c ? ° s g ) y r (l + a c r ° s e ) 



,.2 



(1) 



Let r+ be the larger root of A = r 2 — 2Mr + a 2 , r — r+ is the event horizon. In this paper, we will use the 
coordinate system (t* , r, 9, <f>*) defined by 



t* = t + x(r)h(r), where 
(j>* = <j) + x( r )P( r ), where 



dh(r) 2Mr 



dr r 2 - 2Mr + a 2 '' 
dP{r) _ a 



dr r 2 -2Mr + a 2 ' 
where 

1 r < rZ 



X(r) = 



Y 2 

r > r -- r .ir_L± 



where r + , as above, is the larger root of A = r 2 — 2Mr + a 2 and ry > r + is a fixed constant very close to r + , 
the value of which can be determined from the proof of the energy estimates in . Following the notation 
in [20], we will use t* = r to denote the t* slice on which we want to prove estimates and t* = tq to denote 
the t* slice on which the initial data is posed. 

In [20] , following [5], various quantities are defined via an explicit identification of the Kerr spacetime 
with the corresponding Schwarzschild spacetime with the same mass. We recall the identification: 

r§ - 2Mr s = r 2 - 2Mr + a 2 , 

t s + x(rs)2M log (rs - 2M) = t*, 
0s = 0, 
<t>s = <t>*, 

where \ is as above. 
Define 

r* s = r s + 2M log(r s - 2M) - 3M - 2MlogM, 

2M 

A* = ! 

rs 

u = \{ts ~ rs), 

We note that the variable u will also be used to quantify decay. 
We define in coordinates 

L = d Ul in the (u, v, 9s, 4>s) coordinates, 
L = 2d t ,+ X (r) J ^-d r -L 

We can now define the "good" and "bad" derivatives. Define 

fe{-d e ,-d^}, 
r r 

D e {1,-80,-84,}, 

r r 
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De{-^—L,L, -80,-8^}. 
1 — fi r r 

Notice that D spans the whole tangent space and that we always have [D, df \ = 0. 

We now define the null condition. On Minkowski spacetime, the classical null condition can be defined 
geometrically by requiring the nonlinearity to have the form 

where A satisfies A^^^ — whenever £ is null. On Kerr spacetime, we would like to define a notion of the 
null condition that includes this geometric notion. This is also because many physically relevant semilinear 
equations satisfy this condition. On the other hand, in order to prove the global existence result, we need to 
use the vector fields that capture the good derivative. We would therefore like to define the null condition 
using the vector fields defined in [7], [20], i.e., using D and D. In particular, we want the nonlinearity to 
have at least one good, i.e., D, derivative. This on its own is however inconsistent with the geometric null 
condition. We therefore allow a term in the quadratic nonlinearity that does not have a good derivative but 
decays in r. 

Definition 1. Consider the nonlinearity F(<S>,D<$>,t*,r,9,(f>*). We say that F satisfies the null condition if 
F = A ($, t*,r, 9, cj)*)D<S>D<S> + Ai(#, t*,r, 9, c/>*)D$D<$> + C($, £>$, t*, r, 9,<p*), 

where 

\D%d^e^S^S^Kj\ < C{t*y i2 r- Vi for i x + i 2 + z 3 + n + h < 16, J = 0, 1 

and 

\Dldli8?d l fd^k x \ < C(t*)~ t 'r- l - t » for i x + i 2 + z 3 + u + i 5 < 16 and r > — 
and C denotes a polynomial that is at least cubic in D$> (with coefficients in <I>, t* , r, 9, if)*) satisfying 

s 

[D^diid^d^d^X] < C{t*)- V2 r- 13 \ D ®\ S f° r n+i2+i 3 + ti + 15 < 16 

s=3 

Remark 1. The null condition is a special structure for the quadratic nonlinearity. We note that in our 
case, the restriction is necessary only for r > . Moreover, higher order terms should give better estimates 
and do not need any special structure. 

Under this definition of the null condition, global existence holds for small data. Moreover, the solution $ 
satisfies pointwise decay estimates. In order to appropriately describe smallness, we introduce the language 
of compatible currents. Define the energy-momentum tensor 

Tpv = d^du® - \g^d a <5>d a <5>. 
By virtue of the wave equation, T is divergence-free, 

VT^ = 0. 

For a vector field V, define the compatible currents 

JV ($) = yv Tttv ($) ; 

K v ($) = TT^T^ ($) , 

where tt^ v is the deformation tensor defined by 
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In particular, K v (<I>) = n v u = if V is Killing. Since the energy-momentum tensor is divergence-free, 

V^ 1 ($) = K v ($) . 

We also define the modified currents 

Jl w (*) = # (*) + g H M $ 2 - d^) , 

($) = k v ($) + iu7a"*a„$ - -n gW <s> 2 . 
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Then 

V Jj'™ ($) = if 1 ^ ($) . 
In [30], we have used the currents corresponding to N and (Z, w z ) defined by 



N = df + e ( yi (r) f + y 2 (r) Vj 



Z = u 2 L + v 2 L, 
w = - — 



T 

where 

Vi (r) = " 



V2 (r) 



(log(r-r+)) 3 ' 
1 



(log(r-r+)) 3 ' 
A = r 2 - 2Mr + a 2 , 

and F and V" are compactly supported vector fields in a neighborhood of {r + < r < 7y} and are null 
in {r + < r < ry} and e is an appropriately small constant depending only on a (See [20 ). Since N is 
future-directed, we have the pointwise inequality 

> o. 

In [20] we have shown that there exists a constant C such that 

These energy quantities will be used for $ as well as derivatives of $. We now define the commutators 
that we will used. d t * is a Killing vector field that is defined as the coordinate vector field with respect to 
the (t* ,r,9,4>*) coordinate system. Near the event horizon, we use the commutator Y which is compactly 
supported in {r < ry} (where ry > Ty is an explicit constant in |20)V null in {r + < r < ry} and is 
transverse to the event horizon (See 20 ). Y has good positivity property that reflects the celebrated red- 
shift effect. In the region of large r, we use the commutators 17. Let ili be a basis of vector fields of rotations 
in Schwarzschild spacetimes. An explicit realization can be il = 8$, sin (f>dg ± c ° s s f n C g s 6 d$ . Define Cti = x( r )^i 
to be cutoff so that it is supported in {r > Rq} and equals ili for r > Rq + 1 for some large R. We also use 
the commutator S that would provide an improved decay rate of the solution. It is defined as 

S = t*8 t , + h(r s )d r , 

{rg — 2M rs ~ 2M 
r* (1 /i) r > R ' f° r some large R and is interpolated so that it is smooth and 

non-negative. For the commutators, we also use the notation that 

re{9 t .,fi}. 

We are now in a position to state our Main Theorem precisely. 
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Theorem 1. Consider the equation 

n g $ = F($,D<!>,t*,r,6,<f>*), (2) 
where F satisfies the null condition. There exists an e such that if the initial data of $ satisfies 



i+j+k=16 T o i+j+k=16 T o 

and 

13 



J2r\D e <£(T )\+r\D e S$(T )\ < e. 



£=0 



Then $ exists globally in time. Moreover, for all r\ > 0, we can take a sufficiently small such that the solution 
$ obeys the decay estimate 

|$| < Cer- 1 U -^(t*)'\ \D<f>\ < Cer^u" 1 ^*) 71 , \D$\ < Cer- 1 (t*y 1+71 for r > R, and 
|*| < C s e(t*)-i +ri r 5 , |U$| < C 5 e(r)-i+"r-5+* / or r < L. 

We specialize to a particular case which resembles better the classical null condition [17] . 
Theorem 2. Consider the equation 

D g $ = T^A^d^d^, (3) 
where A satisfies A^^^ = whenever £ € TiT is rawlZ. // the initial data of $ satisfies 



and 

13 



^r|fl'$(r )| +r|£>^$(r )| < e. 



£=0 

TTien $ exists globally in time. Moreover, for all r\ > 0, we can take a sufficiently small such that the solution 
$ obeys the decay estimate 

|$| < Cer- 1 u-^(t*)'\ \D<f>\ < Cer^u' 1 ^*) 71 , \D$\ < Cer' 1 (t*)- 1+7 > for r > R, and 

|*| < C«e(t*)~* 4 V , \D<f>\ < C 5 e(r)-i + "r-5+* / or r < * 

The above formulation is geometric and independent of the choice of coordinates. We note that this 
condition is obviously satisfied by the wave map equation in the intrinsic formulation. 

1.3 The Case of Minkowski Spacetime 

We now turn to the outline of the proof of the main theorem. In the original proof in [17] , many symmetries 
of Minkowski spacetime are captured and exploited using the vector field method. Kerr spacetime, on the 
other hand, lacks symmetries and this limits the set of vector fields that is at our disposal. In view of 
this, we would like to re-examine the proof of the small data global existence result for the nonlinear wave 
equation with a null condition on Minkowski spacetime, using only the vector fields whose analogues in Kerr 
spacetimes have been established in previous works. In particular, we would have to avoid using the Lorentz 
boost. 



G 



We first study the decay properties of the solutions to the linear wave equation on Minkowski spacetimc. 
Since the vector field T — d t is Killing and Z = u 2 d u + v 2 d v is conformally Killing, we have for w — 8t that 



are conserved in time. 

Decay can be proved using the above conserved quantities for V$ for appropriate vector fields V. It is 
proved separately for r > | and r < |. In the former case, we use the fact that fly = Xid Xj +Xjd Xi is Killing 
on Minkowski spacetime and hence □ m (ri' £ $) = 0. Since has a weight in r, it can be proved that 



|£<e>| 2 <cv- 2 ]T f Jj(^$)< t . 



Notice that in this region r -2 < Ct~ 2 . It is known, for example by the representation formula, that this 
decay rate cannot be improved. In the region r < |, however, the decay rate is better. One can consider 
the conformal energy 

J J^ Z ($)< t > ^ u a(L$) 2 + t,a (L $)a + (u a + t; 2 )|y*| 3 +(^±^)$ 2 , 

where u = h(t — r), v = \{t + r). In particular, we have 

|£$| 2 < t- 2 / r 2 (^$) 2 < r 2 [ J^ Z ($X ( . 

To improve the decay rate in this region, we can consider the equation for 5$ = (td t + rd r )$ and use the 
integrated decay estimates as in [15], [3DJ. This approach allows us to avoid the use of Lorentz boost in 
[17] and the global elliptic estimates in [18], both of which have no clear analogue in Kerr spacetimes. On 



Minkowski spacetimc, a local energy decay estimate can be proved using the vector field 1 1+6 d r 

V (l+r 2 ) — 

for the linear wave equation |28j which together with the conformal energy yields: 

/ (11)t / r-^jJ^K^i' < C [ (D<P) 2 < Cr 2 I J,f- Z ($K t . 

This would imply that there exists a "dyadic" sequence ti ~ (l.l)Ho on which there is better decay 

Js ti n{r<|} 1 J 



Since S is Killing on Minkowski spacetime, = implies □ m (S'<I>) = 0. Then the above argument would 

give 

Jt Js t n{r<|} J 

Since S = tdt + rd r has a weight in t, we can integrate along the integral curves of S from the "good" ti 
slice and get 

/ r- 1 -* jJ(d>K t < c;- 3 / ($)< . 

Js t n{r<|} ■/ 

Together with the use of f£, we have the pointwisc estimate 

2 2 

|D$| 2 < Cr- 1+i V / r-^jJCfi^K < C^ 1+5 ^ 3 Y\ I J^ Z (O fe $)< . 

fe= o-/s t n{r<i} ' ~ fc=0 J 
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We now study how this decay rate can be used for the nonlinear problem. The main idea is to prove the 
above conservation and decay estimates in a bootstrap setting, showing that the decay to the linear wave 
equation is sufficiently strong that the nonlinear terms can be treated as error. In this framework, the decay 
of t^ 1 is borderline and since the decay rate is better when r < |, the difficulty arises when dealing with 
terms in the region r > |. Furthermore, in order to achieve this decay of i -1 it is imperative to show that 
is ^Jt ( ( ^ > ) n s t i s uniformly bounded in time. We now show a heuristic argument. With the inhomogeneous 
term, the conservation law for the energy now has the error term: 

b < J s Jj(*K to + [J* Qf (n m $fy dt\ , 

and that for the conformal energy has the error term: 

jf J^'Wr^ < jf J^'Wn^ + (/ s (t 2 + r 2 ) (D^) 2 ) * dt^j 

Since □ m <I > is quadratic in _D$, we can use Holder's inequality on the inside integral to control one term in 
L 2 and one in L°°. However, since on the linear level D$ is bounded in L 2 and decays as t^ 1 in L°°, the 
inhomogeneous term for the estimate for the energy is controlled by 



This is barely insufficient to show that the energy is bounded. We therefore need to make use of the null 
condition. The null condition would allow one to prove 



(L>$L>$) 2 < Ct / J^ w (d fc $)n£ t (4) 

In order to prove this estimate, we observe that in the conformal energy, the good derivatives (d v , J/) has 
better decay rates. In order to use this, we then need to control the conformal energy. Using again the null 
condition, the inhomogeneous term in the conservation law for the conformal energy can be bounded by 



( ft-\f J^^n^dt 
\Jt J S t 



This would not be sufficient to prove that the conformal energy is bounded, but is sufficient to prove that it 
grows no faster than t n for sufficiently small data. This in turn would be sufficient to prove the boundedness 
of the energy and obtain all the necessary decay rates. In practice, the argument is more complicated as we 
need to control the higher order energy and conformal energy in order to obtain the decay rates. 



1.4 The Case of Kerr Spacetime 

In [7J and [20], all the analogues of the above estimates have been proved in the linear setting in Kerr 
spacetimes. However, it is apparent from the linear case that several issues arise as we apply a similar 
strategy to the nonlinear problem on Kerr spacetime. 

Among other issues, two difficulties loom large. The first of these is the lack of symmetries in Kerr 
spacetimes. While Kerr spacetimes possess the Killing vector field df , it is spacelike in a neighborhood of 
the event horizon and thus does not give a non- negative conserved quantities. The works [6], [7] suggest that 
we can instead use the vector fields N and Z on Kerr spacetime as substitutes for T and Z on Minkowski 
spacetime. N in constructed as the Killing vector field df added to a small amount of the red-shift vector 
field near the event horizon. The red-shift vector field, first introduced in [9 , takes advantage of the geometry 
of the event horizon and has been used crucially to obtain decay rates in [9], [6], [7], |19j . and [20]. It is one 
of the few stable features of the Schwarzschild spacetime. The vector field Z approaches the corresponding 
Z on Minkowski spacetime at the asymptotically flat end and has the weights in r and t* from which we 
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can prove decay. These vector fields, however, do not correspond to any symmetries of Kerr spacetimes, 
and therefore, as already is apparent in the linear scenario, the energy estimates would contain error terms 
that need to be controlled. One consequence is that even in the linear setting, the conformal energy is 
not bounded. Similar issues arise for the vector field commutators fi and S, which are crucial in obtaining 
pointwise decay estimates, whose corresponding error terms at the linear level have been studied in [7J, |19| . 
[2TJ] . A further issue that arises in the case of the Kerr spacetime is the lack of good vector field commutator 
that are useful to obtain control of higher order derivatives. This has been treated in the linear setting in 
[B] and [7J using dt* and the red-shift vector field as commutators and retrieving all other derivatives via 
elliptic estimates. In the nonlinear setting, we again use elliptic estimates, noting however that the proof of 
the elliptic estimates now couples with that of the energy estimates in a bootstrap argument. 

Secondly, Kerr spacetimes contain trapped null geodesies. As a consequence, any decay results at the 
linear level must involve a loss of derivatives. This is manifested in the degeneracy of the integrated decay 
estimate near r = 3M. We note, however, that on the linear level the non-degenerate energy can be proved 
to be bounded without any loss of derivatives. We therefore prove energy bounds that is consistent with the 
linear scenario. We would try to prove on the highest level of derivatives only a boundedness result and begin 
to prove decay results on the level of fewer derivatives. However, as we will see, the nonlinear effect comes 
into play and it is not possible to prove even the boundedness of the non-degenerate energy at the highest 
level of derivatives. We can nevertheless show that it is bounded by (t*)' n . On the level of one less derivative, 
we can prove that the conformal energy grows no faster than t 1+v . Using this fact as we prove the estimates 
for the non-degenerate energy, we can show that at this level of derivatives, the non-degenerate energy is 
bounded. This is crucial for obtaining the necessary borderline decay of (i*) -1 in r > y, thus allowing us 
to close the bootstrap argument. Trapping would also cause a loss in derivatives when controlling the error 
terms arising from the commutation with S. To tackle this problem, we would commute with S only once. 
With this approach, we would not have an improved decay for DS$ in r < y. Nevertheless, we can show 
that the bootstrap can be closed. Here we make use of the fact that as we close the assumptions for SQ, we 
are at a level of derivatives of $ such that the local energy flux decays. 

In the next section, we will introduce the energy quantities on Kerr spacetimes that can be thought of 
as analogues of the energy, conformal energy and the integrated local energy. In section [2] we will state the 
energy estimates that they satisfy. In section [4j we will state the elliptic estimates that will be used. Then 
in section[5j we prove the necessary L°° estimates. With all this preparation, we then prove all the estimates 
using a bootstrap argument in section [6l This then easily implies the main theorem in [7j 



We use three kinds of energy quantities, following the notation in [20 . The represent the non-degenerate 
energy, the conformal energy and the energy norm for the integrated decay estimate. The nondegnerate 
energy controls all derivatives: 

Proposition 1. 



The conformal energy gives different weights to different derivatives and this will be crucially used to 
capture the null condition: 

Proposition 2. 



2 The Energy Quantities 





We use the following notations even though they do not correspond to any vector fields: 
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Definition 2. 

K x <> ($) = r^ s l {lr _ 3M ^M } J^ ($) < t + r- 1 - 5 (d r <E>) 2 + r- 3 - A $ 2 , and 
($) = r -l-i : ($) n ^ + r- 3 - 5 $ 2 . 

3 The Energy Estimates 

We have proved in [50] the energy estimates for the energy quantities define in the last section for O gK & = G. 
We have boundedness for the non-degenerate energy: 

Proposition 3. Let G = G± + Gi be any way to decompose the function G. Then 

[ (*) «£ T + / J? (*) < + + ff K N (*)+// K x ° (*) 

r+1 



£ // r'« (ar-'G 2 ) J + sup / G 

m=Cr ^(t'-I.t+I) t*e[T'-l,T+l] JS t ,n{|r-3M|<M} 



We need an extra derivative for the inhomogeneous term because of trapping. If we know a priori that 
G is supported away from the trapped region, this loss in derivative is unnecessary. 

Proposition 4. Let G = G\ + G2 be any way to decompose the function G. Suppose G2 is supported away 
from {r:\r- 3M\ < f-}. Then 

I m < r + I (*) + // k n (*)+// ($) 



E T / ^ Wr'-l V£ t » / / JJK(t'-Lt + 1) 



r 1+5 G 2 

K(r'-l,r+l) 



The estimates for were also proved. It is be estimated in the same way as K x ° except with an extra 
derivative. 

Proposition 5. 

/ / K x ^ ($) 

^ C f E / j m w ^) < , + E ( / T+1 f / ( 5 ™Gi) 2 ) 2 d,*) + E // ( 5 ™ G i) 2 

2 



E // r^(a™G 2 ) 2 + sup 2/ 



(5™G 2 ) 2 



,n{|r-3M|<f } 

As before, if the inhomogeneous term is supported away from the trapped set, we can save a derivative: 
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Proposition 6. Let G = G\ + Gi be any way to decompose the function G. Suppose G2 is supported away 
from {r:\r- 3M| < f-}. Then 

K Xl ($) 

■R(t',t) 

^ C f E / J " < , + E { f T+1 ( I i^Gi) 2 ] 2 dA + £ I! (^Cx) 2 



i m=0 
1 



£ // r^(^G 2 



( l+<5 ^m/C^ 2 

' J JTl(r'-X,T+l) 



The conformal energy satisfies the following estimates: 

Proposition 7. For 6,6' > sufficiently small and < 7 < 1, there exist c — c{6, 7) and C = C(8, 7) suc/i 
t/iai the following estimate holds for any solution to O gK <& = G: 



JS-r JS r fl{r<7i} 

<C f jZ +CN ^ wZ (*) < + C // t*r- 1+s K x ^ ($) 



A 1 

JS T0 J JTZ(to.t) 

+ C6' II (t*) 2 K x « ($) + C (5' + a) // (i*) 2 ^ ($) 

+ C(6')- 1 l T ( f r 2 G 2 ) dt*\ +C(6')- 1 Y] ff (t*) 2 r 1+s (d™G) 2 

\Jr \Js tm n{r>i^} J J m=0 J Jll(T«,T)n{r<3£} 

+ C{6'y 1 sup / {t*) 2 G 2 . 



Remark 2. As in Proposition [^J we can save a derivative if we know that the inhomogeneous term is 
supported away from the trapped region. More precisely, let G — G\ + G2 be any way to decompose the 
function G. Suppose G2 is supported away from {r:\r- 3M| < f-}. Then we can replace 



V // (t*) 2 r 1+s (d™G) 2 + sup / (t*) 2 G 2 

Jn(r ,r)n{r<S^} ' L - 



•Y-' — 8 



by 
1 



V // {t*) 2 r l + 5 {d™G x f + II (t*j 2 r 1+s G 2 + sup / (t*) 2 G 2 . 

^ JJTZ(r ,r)n{r<S^-} J Jk{t ,t )n{r< % } t« £ [r„ ,r] 7s t . n{ry <r< 25M } 

m Proposition [?} TTms follows from a straight forward modification of the proof in \2(tf . 

The estimates for K x ° and K Xl can be localized to r < %^ if we control it by the conformal energy: 
Propositions. 1. Localized Estimate for Xq 



/ / K Xo ($) 

V77J(T',r)n{r<-^} 

<c(r- 2 f J^ Z ^)n^ i+ C I 

+ C lE // r 1+s '(d™G) 2 + sup / 

\m=0"'"' K ( r '- 1 . r + 1 ) n {' r <Tif} fg[r'-l,T+l]Js t ,n 



G 2 

{\r~3M\<f }n{r<S£} 
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2. Localized Estimate for X\ 

K Xl ($) 

TZ(t' ,T)n{r<^-} 



^ E / J * +N,wZ ^) n k, + c E / $ ^) < , 



+ C lE // r 1+5 (a™G) 2 

\ m=0 J JK(T>~l,T + l)n{r<2£} 



1 

2 



+ sup V / (d£G) 

fe[T'-l,r+l] m=0 JE t ,n{|r-3M|<f-}n{r<^} / 

Remark 3. As before, if G = G\ + G 2 and G2 is supported outside {\r — 3M\ < ^-}, we can replace, in 
Proposition^ 1 , 

E II rl+S ( 9 ™G 2 ) 2 + sup / G 2 



(d™G 2 ) 2 

_3M|<f }n{r<2^} 



by 

II r^Gl- 

and replace in Proposition^ 2, 

til r^(d-G 2 ) 2 + Y: sup / 

by 

E// r^(d-G 2 f. 

4 The Elliptic Estimates and Hardy Inequality 

We have also proved in [20] the following elliptic estimates: 
Proposition 9. Suppose O gK <& — G. For m > 1 and for any a, 

1. Boundedness of Weighted Energy 

p I m—l „ m — 2 » 

/ r ° (D™$) 2 < CU £ / r<*J» (4$) n£ r + £ / r° (D^G)' 

JS T n{r>r-} \j =0 J ^ V ' j=0 « r 

2. Boundedness of Local Energy 
For any < 7 < 7', 

/ m—l p 7n — 2 „ \ 

/ r° (D m $) 2 < Cj £ / r«J^ (4$) n^ + Y, r° (D^G) 2 

iE T n( r -<r< 7 **} \ j=Q is r n{r< 7 't«} V 7 3=0 J ^ J 

We need a Hardy- type inequality that is improves the analogous one in |20) : 
Proposition 10. For R > R' , 

[ r"- 2 $ 2 <C [ r Q J,f . 

Js T n{r>R} JS T n{r>R'} 
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Proof. Let k(r) be defined by solving 

k'(r,0,<f>) = r a ~ 2 vol, 

in the region r > R' , where vol — vol (r, #,</>) is the volume density on S T with r,0,<f> coordinates, with 
boundary condition k(R',0,<fi) = 0. Now 



f r "-2 $ 2 = /77 k'{r)<S> 2 drd9dcj) 

< - 2 /// k(r)<&d r $drd6d4> 



<2 (| /" (9,$) 2 drdfcty) 2 (/ fj\l + k'{r))^drd6d^j 



Notice that vol ~ r 2 , fe(r) ~ r a+1 and 1 + fc'(r) ~ r Q . Hence ^p^y ~ r a vol. The lemma follows. □ 

With the help of this Hardy inequality, we are able to "localize" the elliptic estimates for r > R. 
Proposition 11. Suppose D SK $ = G. For m > 1 and for any a, For any R > R' , 

„ I TO— l « m — 2 „ 

/ r a (Z3 m $) 2 < C Q , fl „ ff ^ / r° ^ + £ / r« (D ] Gy 

JY, T n{r>R} \ j=a JY, T n{r>R'} v y J=0 Js T 

Near the event horizon, elliptic estimates have been proved to control all the derivatives if we have control 
the df and the Y derivatives [6], [7], [20] : 



Proposition 12. Suppose □ gK < £ > = G. For ewn/ m > 1, 

TO— 2 

v J + fc<m-l Js - n { r ^'V} 

This is useful together with the follow control for the equation commuted with Y; 
Proposition 13. Suppose □ £(K < £ > = G. For every k > 0, 



I {D^f<c\ E I ^(4^)< + E/ {d ] gy 



JE T n(r<r+} V ' JH(r'.j) V y J JR( T ',r)n{Kry} V 

<cf E / + ^ "i, + E / + # (4 

V J +m<fe 7s T 'n{r.<r+} V ' J= o^n{r<r+} V 



A- 



+ E // ^ ( 4 < + E II (D j G) 

5 Pointwise Estimates 

We prove pointwise estimates using Sobolev embedding. We will have different estimates in the region 
{ r > V} an( i { r ^ j}- We first consider {r > ^-}. For this region, we will prove five different pointwise 
estimates. First, we prove a boundedness result for £><£> (Proposition using only standard Sobolev 
Embedding and the elliptic estimates in Proposition |H1 Then we prove decay estimates of r _1 for D e $> using 
the r weight in the vector field commutator Q and the non-degenerate energy (Proposition 1 15[) . It is crucial 
that this depends only on the non-degenerate energy but not the conformal energy because we will not be 
able to prove boundedness of the conformal energy (which already is the case in the linear situation, see [7] , 
[TJ, [20]). Notice that Proposition[l4]does not follow from Proposition[l5]because the latter requires an extra 
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derivative. This save in derivatives is strictly speaking not necessary for the bootstrap if we have instead 
assumed an extra derivative of regularity in the initial data. Thirdly, using similar ideas, we will prove the 
decay of for $ using Q and the conformal energy (Proposition [T^J) ■ Then we prove an extra decay rate 
of D<1> using the conformal energy. For any derivatives, we will have an extra decay in the u variable, which 
degenerates in the wave zone (Proposition I18[) . For the good derivatives, we will have an extra decay in 
the v variable (Proposition [T^J) . This decay rate will be crucial in capturing the good derivative in the null 
condition. 

Proposition 14. For r > K- we have 

\D^< C (j:[ tfteMOnl+X;/ (D k n gK *) 2 ). 
Proof. By standard Sobolev Embedding in three dimensions and Proposition |H1 

3 

\k=0 Et fc=0 Et ) 



□ 

We then prove the decay rate of r _1 for D l <&. The idea here is standard: Making use of the commutator 
Ct, we use the Sobolev Embedding on the 2-sphere and then integrate along the r direction. 



Proposition 15. For r > ^- and i > 1, we have 
\D e $\ 2 



■s>-- 2 1 EE / #te?n**W + EX: / ( D in gK (n^ 2 



Proof. 

r 2 \D^\ 2 



<cj ((D*®) 2 + (tlD e <S>y + (fl 2 D^y^ r 2 dA 

<c(y/ (n k D e <Z>Y ? 2 dA+ f f \d r Q, k D l m k D l $\{r') 2 + (n k D e $Y r'dAdr' 



2 (f) v ' Jr JS 2 (r') 

Noticing that \[D, f2]$| < C\DQ\, we have 
r 2 \D^\ 2 

2 



^ C (E/ (& k D e <p) 2 r 2 dA+ [ [ \d r D e n k $D e n k $\(r') 2 + (n k D e <S>) 2 r'dAdr' 
<c(y\( (D e n k <S>) 2 f- 2 dA+ [ [ \D e+1 n k $D e n k <S>\(r') 2 + (D e n k <S>Y r'dAdr' 
- C (E/ (D% k $y ''f 2 dA + £ J (D e+1 n k $y (r') 2 + (D% k <S>y (r' fdAdA 
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Take r < f < r + 1. By Proposition [9J 

2 pr+l 



V T / (V +1 ft fc $)V) 2 + (d'&A 2 (r'fdAdr 1 

f^Jr is 2 (r') V ' V ' 



<c EE/ 



EE / (^(fi** x2 



j=o fc= o Js - n ^'~ tl > n { , '^5} 
By pigeonholing on this we also get that for some f , 

E / (D e n k <f) 2 f 2 dA 

^ c (ttf JN » ( d ^) < +EE / 

\ m=0 fc=0 17 St 7=0 fe=0 J Z 



s T n{u'~u}n{r>-5} 



1 * 2 



□ 



We would also like to prove the pointwise decay in r for $. However, we need to use the conformal 
energy as well as the non-degenerate energy. We note that only the decay in r will be used in the bootstrap 
argument, the decay in u is proved to achieved the decay rate asserted in Theorem 1. 

Proposition 16. Consider \3 gK $ = G. For r > we have 

|$| 2 <Cr-\l + M)- 1 (E / J " +N ' WZ (^ $ ) n k + C - 2 E / J " (^ $ ) <) ■ 

Proof. Following the proof of Proposition [TSJ we have 

r 2 |$| 2 <C(E/ f^ fc $) 2 r 2 dA+ | / / fi k $DCL k $\(r') 2 + (fl k $) 2 r'dAdr']) . 

y^JS2(f) V ' Jr JS 2 (r') ^ J J 

We will treat separately the cases |u| < 1, u> 1, u < 1. For |u| < 1, take r < f < r + 1. By Proposition [2 
rr+i 



By pigeonholing on this we also get that for some f, 
2 . 

E / (n k t>) 2 f 2 dA 

^ ( E / ^ +JV '^ ( fifc<i> ) < + ^ 2 E / J ^ (n fc *) "0 ■ 

For u > 1, pick a fixed R and let f € [R, R + 1]. Then by a pigeonhole argument, there is some f such that 

V / f n**) 2 f 2 cL4 < cu- 2 y [ jz +n > wZ (n k <s>) < +Ct 2 Y ( j" (r» fc $) < ) . 
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By Proposition^ 

\Q k <f>Dn k $\(r') 2 + (n k <^ 2 r'dAdr' 



2 



\ k=0 JV T k=0 J ^m{r<r-} ) 

Using the fact that t* < Cu in this region, we have the desired bound in this region. 

Finally, for u < 1, pick f G [— 2it, — 3it]. Then by a pigeonhole argument, there is an f such that 

2 / 2 2 

V / f 2 ? 2 dA < cu- 2 V / J Z u +N ' wZ (n fc *) < + Ct 2 E / ^ (n fc *) « ! 

fe=0 M?) V 7 Vfe=0^ ' k=a J V T n{r<r-} 

By Proposition^ 

f /-co /> / \ 2 

V/ / |f} fe $L>f?$|(r') 2 + (n fc $) r'cMdr' 
Mr') v I 

<c\ u \-i(y:[ j^ z (^)n^ + cr 2 j:[ j;(^)/A 



which gives the desired bound. □ 

We would like to use the conformal energy and elliptic estimates to prove decay in the u variable. However, 
we need to be careful when applying the localized version of the elliptic estimates. In particular, we need 
to perform a dyadic decomposition in the variable u. We remark that we can prove this for any number of 
derivatives by iterating the cutoff procedure in the proof of the following Proposition. However, as this will 
not be necessary in the sequel, we will be content with the following Proposition: 

Proposition 17. Suppose O gK <& — G. Let r > ^- , £ — 1 or 2 and uq be the u- coordinate corresponding to 
the two sphere (r, ro). 

/ / (D e $) (r'fdAdr 1 

Jr JS 2 (r') 

<C(l + Kir 2 E(7 J Z , +CN (dl^)n^+Cr 2 { J» n») 



C E / ( DJG ) 

• JE T n{n-u }n{r>f} 



2 



Proof. The I — 1 case is trivial. For I = 2, we consider separately the cases: Case 0: |uo| < C*j Case 1&: 
2 k < u Q < 2 k+1 , Case 2 fe : -2 k+1 < u < -2 fe , k > ^g^f- for some sufficiently large but fixed C*. In Case 0, 

we have |u| < C for the range [ro, ro + 1] and hence the Proposition is obvious as we have 1 < C (1 + \u\) 2 . 

For the other cases, we consider a cutoff function x : IR — > R>o which is compactly supported in 
[—2,2] and identically 1 in [—1,1]. In case l k (resp. 2 k ), we consider $ to be defined by $(r, r, 9, <fr) = 
X (2~ fe+3 (r - r )) $ (t, r, 6, </>). Then <l is supported in [r - 2 k ~ 2 , r + 2 k ~ 2 ] and equals $ in [r - 2 fc ~ 3 , r + 

l 

2 k ~ 3 }. On the support of $, |D SK $ - G\ < C E 2" (2 ^' )fc |£i J $|. We also have that on the support of $, 

j'=o 

|« ~ uol <\\r%- (r* )s\ < \\r - r | + f | log < |r - r | < 2*- 1 for r sufficiently large (which we can 

assume for otherwise r and r must both be bounded, in which case we must be in Case for appropriately 
chosen C*). Hence u ~ 2 fc (resp. it ~ — 2 fc ). 
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Therefore, by Proposition applied twice, first to <E> then to <£>, we have, 

~ \ 2 



f f (D 2 $) 2 (r'fdAdr' < f (d 2 $) 

j=Q Jz T n{r -2 k - 3 <r<r a +2 k - 3 } - =0 is T n{r l ,-2*- s <Kr l) +2'- 2 } 



2 



3 ^-^.u.- j 

+ C / G 2 

"'S T n{r -2' i - 2 <r<ro+2 fc - 2 } 

1 

' " ' ' G 

'S T n{r -2'»- 2 <r<ro+2 fc - 2 } x / ■ / JH T n{r -2 fc ~ 2 <r<r +2 fc - 2 } 



JT^, JE T n{r -2"- 2 <r<ro+2fc- 2 } V V 7 7 

<G (1 + Kir 2 E f / J* +CN < t + Gr 2 / < 1 + G / 



G 

s x n{u~-(io} 



Using this we can prove more decay in the u variable: 
Proposition 18. Suppose O gK $ — G. For r > ^- and £ > I, we have 

|£>$| 2 



<Gr~ 2 (1 + M)- 2 EE (/ J /f + ™ < T + Cr 2 f J» (d^) 



3 

fe= o- / s-rn{u'~«}n{r>5-} v v 
Proof. Following the proof of Proposition [131 we have 
r 2 |D$| 2 



2 



<G (V / (Dn k $) 2 f 2 dA + f / (D 2 fi fc $) (£>fi fc $) (r') 2 + (.Dfi fc $) 2 r'dAdr' 

y fc=0 JS 2 (f) ir JS 2 (r') j 



2 (f) Jr JS 2 (r') 

Take r < f < r + 1. Then by Proposition [171 

2 „r+l 



V / / (D 2 {l k t>) (Dn k $) (r') 2 + (Dn k $>) 2 r'dAdr' 
k=0 J r Js'(r>) 

<G (1 + M)- 2 E E f / ^ +CW (4^) nfe, + Gr 2 / J/7 (^ fc $) < t 



3- 

2 



fe=0 JL - r 



Ug K ( 



r n{«'~«}n{r>-j} 
By pigeonholing on this we also get that for some f 



2 r 

Y / (D e n k f>) 2 r 2 dA 
<C (1 + \u\y 2 E E f / J " +CN + Cr 2 [ J» (dlM k <p) 

+ ctf (n 9 ,(o fc $)) 2 . 

t0 Js T n{>,'- u }n{r>i} v v 
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□ 



We have a better pointwise decay for a "good" derivative: 
Proposition 19. For r > we have 

2 



k=0i+j<l ^ Et ■ )Y,t 

+Cr 2 [ J» (dlM k <S>) < t + / (U BK Ul k A)' 



Proof. 



r 2 \D<5>\ 



<C(y/ (n k D<$>) 2 r 2 dA+ f f \d r fl k D$Cl k D$\(r') 2 + (n k D$) 2 r'dAdr'] . 

Noticing that |[D,f2]$| < C\D<&\, \[D,tt]<S>\ < C (\D<&\ + r" 1 |D$|) and |-D,9 r $| < Cr" 1 we have 

r 2 |5$| 2 

2 r 2 dA 



+ J r J \d r Dn k <f>Dn k <5>\(r') 2 + (£l k D<I>y r'dAdr' ^ 
<Cj2^J ^DQ k <py +f- 2 (^DQ k ^y^jr 2 dA 

+ Ir Is (( jD ^^ fe$ ) 2 + (^ $ ) 2 + ( r T 2 (^fi fe $) 2 ^) (r') 2 dAdr' 
The last term already exhibits better decay rate: 



ff (r')- 2 (DCl k <i>y (r'fdAdr' <Cr~ 2 [ J* n' 

Jr J§?(r>) V 1 JS T V 1 



We will now show that the energy quantities involving D obey better decay rates. This is immediate for the 
term JJ" J§ 2 ( r ^ ^DQ, k ^j (r') 2 dAdr' using the conformal energy: 



f f (Dn k ^) 2 {r'fdAdr 1 

Jr J§ 2 (r>) ^ ' 



Hr>) 

<Cv- 2 



However, we note that this cannot be shown directly for the term J s2 ^ r ,^ [DDQ k <f>J (r') 2 dAdr' with 
the conformal energy because we cannot commute O gK with derivatives of every direction. In order to 
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remedy this, we use the non-degenerate energy for SQ. In particular, we use the fact that for 
\D<f>\ < Cv' 1 (\S<f>\ + u\D<Z>\ + vr^lD^l). 



f f (DDn k <S>Y (r'fdAdr' 
~ C I Is i} V '^~ 2 ( SD ^ k(p ) 2 + ( U ') 2 K)" 2 (£> 2 tt fc $) + (r'y 2 (D 2 n k <S>y^J (r'fdAdr' 



<C / ( (v')~ z (Dsn*®) + (v'y z (DQ k <i> 

Jr Js 2 (r>) 



+ (u'f(v'y 2 (^ 2 ^$) + (r'y 2 (D 2 £l k <5>y^j (r'fdAdr' 



Take r < f < r + 1. We have, for the first two terms, 
r r+i 

I (v'y 2 ( (DSn k <f>Y + (Dn k <S>Y j (r'fdAdr' < Cv~ 2 

3=0- 



DSn k $y + (z?f7 fe $) 2N ) (r'fdAdr' < CiT 2 ^ f J* (s j Q k $ 



The third term can be estimated by Proposition [171 

rr+l 



S 2 (r') 



(u'f(v')- 2 [D 2 h k ^j (r'fdAdr' 



<Cv- 2 £ ( I J Z , +CN (dl^\ < t + Cr 2 ( J% (dlM k <S>) 

«}n{r>§} v v ' ' 



C 

's T n{' 

The fourth term can be estimated elliptically by Proposition [9l 

r-r+l 



r JS 2 (r 



(r'y 2 (L> 2 S7 fc $) (r'fdAdr' 
Collecting all the above estimates and noting that r > we get 

|— 1 p / 2 2 2\ 

^/ i (C^ ^*) +(M fc $) + (r'y 2 (£>O fc $) J (r'fdAdr' 



2 „ 2 



fc=0 Js T n{r> 5 } V ^ 
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By pigeonholing on this we also get that for some f, 




(7) 



(JS|), ([5]) and J7| together imply the Proposition. □ 

We now turn to the region r < We first show a simple Sobolev embedding result. 
Proposition 20. Suppose O gK $ = G. For I > 1 and r < 




We can capture better estimates in r if we use an extra derivative. 
Proposition 21. For £ > 1 and r < 

(£+1 — k 2 \ 

Proof. We only need to consider the situation when r > + C. For otherwise, this Proposition is implied 
by Proposition [20] since r is finite. We assume from now on that r > Rq + C. Following the proof of 
Proposition 1151 we have 

r 2 \D^\ 2 




Take r - 1 < r < r. By Proposition [9] 2 and[T2l 

Y [ r [ (D e+1 n k <S>Y (r'f + (D^A 2 {r'fdAdr' 

By pigeonholing on this we also get that for some f with r — 1 < f < r, 




□ 



20 



We also have pointwise estimates for $ instead of £>$ if we use the conformal energy. 
Proposition 22. Suppose O gK $ — 0. For r < 

m 2 <Cr- 2 ( £ / J* +N ' wZ (Y%*) < + Cr 2 2 / J* (^4$) n» r 

Proof. By Sobolev Embedding in three dimensions, for r < 



|f| 2 <CV f (D k <f>)\ 

fc=Q Js T n{r<il} 

Then, using the elliptic estimates in Propositions [9j2 and[T2l we have 

i+j <2 J ^n{r<^} ^ 

Using Proposition [21 we can conclude the Proposition. □ 

We proceed to show that the pointwise estimate is better if we use the vector field commutator S. To 
this end, we first show that we can control a fixed t* quantity by an integrated quantity. The proof follows 
ideas in [19], [20] and applies an integration in the direction of S. 

Proposition 23. For any sufficiently regular $, not necessarily satisfying any differential equations, and 
da a constant, 

<Ct- x I f[ r a °-H 2 + ff r a °- 2 (S®) 2 ) . 

\J JTC((i.i)- 1 r,T)n{r<^} J Jn((i.i)- 1 T,T)n{r<^-} J 

Proof. To use the estimates for S*$, we need to integrate along integral curves of S. The following argument 
imitates that for proving improved decay for the homogeneous equation in 20 . We first find the integral 
curves by solving the ordinary differential equation 

dr s _ h(r s ) 

fit* t* 
ai s i s 

where h(rs) is as in the definition of S. Hence the integral curves are given by 

exp (/<Vs)a 7$fj) 



t* 



constant, 



where (rs)o > 2M can be chosen arbitrarily. Let a = t*, p = - — |^ — r S_J_ anc j consider (a, p, x A , x B ) as 



a new system of coordinates. Notice that 



8 a = ^d rs+ 8 t% = is. 



Now for each fixed p, we have 

$ 2 (r)<$ 2 (r') + | f -S{<S> 2 )do\. 

Jt' °~ 
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Multiplying by p a and integrating along a finite region of p, we get: 

/ $ 2 (T)p a dp< / <S> 2 {T , )p a dp+ / / \^—<$>S<$>\dadp. 

J pi J pi J pi J t' ^ 

We choose a so that a = for r < ry and a = ao for r > R and smooth depending on r in between. We 
would like to change coordinates back to (t s ,rs,Xg,Xg). Notice that since h(rs) is everywhere positive, 
(/?, t) would correspond to a point with a larger value of rs than (p, r'). Therefore, 



Krsh exp ((1 + a) ^) 
/ $ (r) v 

J2M 



rh(r s ) 



dr s 



2/1/ 



We have to compare - fe(rs) ^"^^ with the volume form. Very close to the horizon, h(rg) 

rs — 2M and a(r) = 0. Hence 

exp((l + q) /( ;- )o7 ^) = ?s)o ^ / i 

h(rs) V^s-2M 

On the other hand, for r > R, h(r s ) = (r s + 2Mlog(r s - 2M) - 3Af - 2MlogM)(l - /i) and a(r s ) = a . 
In particular, for a sufficiently large choice of R, h{rs) ~ rg. Hence 



«P ((! + «) /£>„ ^f) ) -p ((1 + a) Jf/ s)o ^) 



s 



ft(rs) r s V i? 

The corresponding expression on the compact set [rp, H] is obviously bounded. Hence, since the volume 
density both on a slice and on a spacetime region is ~ r 2 , we have 

<c([ ^lr^ + // . 



This easily implies the following improved decay for the non-degenerate energy for r' 6 [(1.1) t, r]: 

r a -2 $ 2 < Cr -1 J /" r «0-2 $ 2 + f f ^-2 (£<$) 2 ) . (8) 

s.n{r<^} \Js T ,n{r<^-} iJu((i.i)-iT,T)n{ r <2.} / 

By choosing an appropriate f , we have 

r ao_2 $ 2 < Cr -1 // r Q °- 2 <i> 2 . 

'S f n{r<|} ii'R((l.l)- 1 T,T)n{r<^} 

Now, apply (JSJ with r' = f , we have 

I / Sr Q °- 2 +// r Q °- 2 |-^*5$| | 



S f n{r<|} ^ J Jll(f.T)n{r<i^} (**)" y 

^Cr- 1 ( / / r «°- 2 $ 2 + /"/" r «o-2 (5-$) 2 ] , 

yi7Z((l.l)-ir,r)n{r<4f} i 1) - 1 r : r)n{r<-^ } / 

using Cauchy-Schwarz for the second term. □ 
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By Sobolev Embedding, this would give an improved decay estimate in t* in the region {r < K-}. For the 
application, we also need an improved decay in r, which we get by commuting with the angular momentum 

n. 

Proposition 24. Suppose O gK $ — G. For r < ^- and £ > 1, we have 



\D l <t>\ 2 KCiey 1 ^ 1 ^ V V // (k Xi (Y l di«n k <s>) + k Xi (sY l d(,n k ^ 

l+] < ( _ lk= JJn((i.i)-H>r)n{r<^} V v 1 v 



-1 2 



Proof. Using a similar argument as before, except for choosing r < r, we have 

„1-<5| n^|2 



r l - d \D^\ 

2 

fc=0 

<C ( V) [ (DWrfr^dA + f f (( 

\ fc=0 JS 2 (f) Jf J§ 2 (r>) ^ 



D e+1 n k <Z>Y + (D e n k t>y) {r'f- 5 dAdr' 



Using Proposition [231 we have 

(D e il k &) 2 (r') 1 ~ 6 dAdr' 



If JS 2 (r') 

<C { r" 1 " 5 (D £ Q k <S>y 

Jz T n{r<%} 



\ J Jn((l.l)- 1 T,T)n{r<i^-} J JK((l.l)- 1 r,r)n{r<if } 



By first commuting [D,S] and then using Proposition |H1 2 and [T2l on each fixed t* slice in the integral, 
we have 

// r- 1 - 5 (D e n k $) 2 + II r- 1 - 6 (SD e n k ^>f 

J Jn((i.i)- 1 T,T)n{r<^} J Jn((i.i)- 1 T,T)n{r<i^-} 

^JiR((i.i)-V)n{K^-} v v 7/ 



J=0 J JK((1.1) 

Therefore, we have 

2 

<c T - 1 V V // (k Xi (Y i dfM k ^) +k Xi fsnrs^n** 

i+ ^_ 1 i^./^W((l.l)- l T,r)n{r<^}^ V 7 V 



-1 2 



^j^^((i.i)-irvr)n{r<£} v v 77 
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□ 

Similar ideas can be used to prove decay of $ without derivatives, except for a loss in powers of r. This 
will not be used for the bootstrap argument, but will be used to prove the decay for $ in the statement of 
Theorem 1. 

Proposition 25. Suppose 0^$ = G. For r < K, we have 

2 

|$| 2 <c(t*)-V Y) [[ (k Xi + K Xl (sn k <s>)) . 

Jn((i.i)-H',t')n{r<i^} v v ' \ JJ 

Proof. Fix R. Take f £ [R, J], we have 
r- 5 |$| 2 

<C±J (n**)V'dA 

<c(v/ (n k $) 2 r- 5 dA + \ [ [ \n k $Dn k <5>\ 2 (r r )- s + (n k $) 2 (r'y^dAdr'l ) . 

There exists f £ [R, ^] such that 

/ (tt k §) 2 f^dAKr- 1 / 4 / (Q fe $) 2 (r';T 5 <Mdr'. 

JS 2 (f) Jr + JS 2 {r<) 

Using Proposition [231 we have 

(n k ^) 2 (r')- s dAdr' 

S 2 (f) 



<Ct / r" 3 " 5 (T2 fe $) 

Js T n{r<j} 



<cl // r~ 3 - s (n k <s>) 2 + 1 1 r~ 3 ~ s (sn k i>) 

\J 7TC((l.l)-ir,r)n{r<-^} 7 1) - 1 r,r)n{r<-^ } 

J JTC((l.l)-ir,r)n{r<^} V V / \ J J 

Using Proposition [231 we also have 

|/ / |ft fc $£>ft fc $| 2 (r')-' 5 + (n fc $) 2 (r')~ 1_4 dAdr'| 

Jf JS 2 (r') 



2 (r>) 

<C [ r- 3 - 5 (n k <P) 2 + I r- 1 - s (DSl h ^) 



<Ct- 1 ([[ r- 3 - s (n k $) 2 + ff r - 3 - 5 (sn k <s>) 2 j 

\JjR((l.l)-V)n{r<f} •'W((l.l)- 1 T,r)n{r<^-} / 

+ Ct- 1 I[[ r^- s (Dfl k <f>) 2 + [[ r- 1 - 8 (SDfl k <S>) 

\J JK{{l.l)- 1 T.T)n{r<i^-} J JK((l.l)- 1 T,T)n{r<i^} 



<Ct- y \ \ (k Xi (n k <s>) + k Xi (sn k <i> 

J Jn((i.i)- 1 T,T)n{r<i^} V V / V 



Therefore, we have 



|$i 2 <cv~V V / / (k Xi ( n k $) + k Xi ( sn k $) ) 



□ 
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6 Bootstrap 

Bootstrap assumptions (J): We first introduce the bootstrap assumptions corresponding to energy quantities 
on a fixed t* slice. 



E W J?(di.ni$)n» T + J2 A y I J?(Y k dl,<S>)nl<er^. (9) 
E A f ( I J ' +N ' WZ fa™*) < r + Cr 2 [ J" (dl-M^) 

4+ fe=15 ^n{r<r+} V / 

+ E j;(y fe ^$)< T <er"«. 
E J?(dlM^)n^<e. (12) 

E Agif J^(sdl,n^)n^+ E ^5,V/ <(r fe ^$)< T <er^-. (13) 

i+j=13 JSt i+fe=13 

E A ~SJ ( I J " +N ' WZ (sdlMi*) < t + Cr 2 / J? (sdlMi*) n») 

+ E A sW I J" (Y k sdi*z) < t < 

+ E ^.W + ^ (y fc 5a*.$)n^<er^ 

l+ k<12 J^n{r<r+} ^ ' 

A sj E / ^(^^$)< t < £ . (16) 

Bootstrap Assumptions (K): We also need bootstrap assumptions for the energy quantities in a spacetime 
slab. 

E a x ] 1 1 (k x ° + k n (di,w$)) < cr™. (17) 

i+j=W JJK(to,t) 

E A x ) 3 JJ^ ^ K x > fa < er^« . (18) 



(15) 



E ^ // K x ° (19) 
E ^ // W^V)<e. (20) 

i+i <14 ' JJk(to,t) V 7 
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V az\ ff (k x « ( d\. a?$) +k n ( a* w&) ) < er- 1+ ™ . 

V A-\ [ [ K Xl (di,fl j $) < er" 1 ^ 15 . 

l+ ~<14 ^^((l.l)-ir,r)n{r<^} 



V A x \ ( j (k x « (diM j $) +K N (diM j <f>)) < er- 2+ ^. 

J 7^((l.l)-ir,T)n{r<^} V V 7 V 11 



i+j <14 



+J <13 JJTC((l.l)-ir,r)n{r<^} V 7 

E ^5,XJ / / KX ° (Sdi.fV*) < CT^. 

E / / te.fr*) <e. 



E A s!x,j / / fefr*) < er- 1+ ^». 



-1+»7S,: 



E ^7/ . te.fr*) < 

E / / te.fr'*) < er- 2 +^ ". 

-i<10 ^ ^^K((l.l)- 1 r,r)n{r<^-} V 7 



j+j"<10 

Bootstrap Assumptions (P): We also introduce bootstrap assumptions for the pointwise behavior. 

4 ' 

13 



J2 |r J *| 2 < BAer- 2 (t*) 1+ ^. 



3=0 

13 

y |L>F$| 2 < BAe. 

13-j 12 
£=1 j=0 

8 

\-2 



3=0 

8 



y |L>P$| 2 < BAer- 2 {t*) ,ni {l 

8 

y |DF$| 2 < BAer- 2 (t*)- 2+ ^ 

3=0 
6 

y |5P$| 2 < B s Aer- 2 {t*Y s ^. 

3=0 

8 

y \DST j <f>\ 2 < B s Aer- 2 . 

3=0 
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6 

J2 \DST^\ 2 < BsAer- 2 ^*)^- 11 ^ + \u\y 2 . (38) 

3=0 



For r < K, 



13 

|r J $| 2 < BAe(t*y 1+m \ (39) 

j=o 

14-i 13 

5^ J2 \D e T^\ 2 < BAe(t*)- 1+ ^. (40) 

e=i j=o 

12 

J2 J2 l^ rJ$ | 2 < BAe(t*)- 2+7 >^. (41) 

«=1 j=0 
9-3 8 

^^|^r?$| 2 < Byle(r)- 3 + r ' sll r- 1+l5 . (42) 

1=1 j=0 
6 

^ |SF'$| 2 < 5 s Ae(i* )- 2 +^,ii , (43) 

7-j 6 

5^ X] l^ 51 ^! 2 ^ SsAer- 2 ^*)- 2 ^' 5 - 11 . (44) 
f=l j=o 

Remark 4. Notice that in general, for most of the bootstrap assumptions on there is a corresponding 
one on The argument to retrieve these assumptions are quite similar, we only have to estimate the 

commutator term (in a manner similar to J19f . JESS) and track the appropriate constants. 

Remark 5. Notice that all this assumption are satisfied initially by the assumption of the Theorem. 

Remark 6. We will bootstrap to improve the constants Aj, Ax.j, As, As,x,j, Ay, A$,y o,n& B. The 
constant B is only used for the bootstrap of the pointwise estimates. The constants satisfy 

1 « B ~ B s < A Q < A x ,o < A x < ... < A X6 < A x ,ib < A Y < A Sfl < A s ,x,o < - < ^s,x,i3 < A S , Y - 

We will use A as a shorthand to denote the maximum of all these constants, i.e., A$,y- We will always 
assume by taking e small that 

Ae< 1. 



Moreover, we set the constants so that 



A 3 -! A Xd 



i -i 



Ax,, 

The r\ 's, on the other hand, satisfy 

5 ~ 8' < ?7i6 < 77i5 < T714 < ?7S,13 < ?7S,12 < VS,11- 

The r\ 's are chosen so that 

A, 

-r^- < 7714 < 1 for all j. 

Ax.j 

e will be much smaller than any combinations of the other constants. 



27 



We will use energy estimates and decay estimates to eventually close the bootstrap. In order to derive the 
estimates, we consider equations for T fc <I>. We now introduce the notations that will facilitate the discussion 
below. 

Definition 3. Define G k = E \U gK |, U k = E and N k = E |P |. 

|j|=fc |i|=fc |i|=fc 

Definition 4. Define G< k = £ |D 9K (P$) |, C/< fc - E ,P]$| and iV< fe = E |P |. 

Iil<fc Ul<fc \j\<k 

In order to keep track of the constants, we define also 

Definition 5. Define Ukj = \[O gK , d t ^{V]$\ and U<k,<j = J]] ^fc',i'- 

i'<i,k'<k 

Remark 7. H^e w«ZZ re/er to G as the inhomogeneous term, U as the commutator term and N as the 
nonlinear term. Clearly we have Gk < Uk + Nk and G<k < U<k + N<k 

We now estimate the inhomogeneous terms that will appear in the analysis several times below. It is 
necessary to study the commutator terms and the nonlinear terms together because the estimates for each 
depend on the estimates for the other when we use elliptic estimates. 

Proposition 26. Uk satisfies the following estimates: 
r a (D e Uk,) 2 

/k+t-ij-i r k+l-i-ii-i r \ (45) 

<C EE r^J N (d^)n^+ E E/ r~-*(D m Ni) 2 } for a < 4, 

-1 



where it is understood that = 0. 



i=0 

Proof. The commutator terms are estimated in |19j . Notice that since f2 is supported away from the trapped 
set, there is no loss of derivatives in using the integrated decay estimate. We have that Uk,j supported in 
{r > Rq} and that 

j i-i 

i=0 i=0 

and therefore 

e+2 j-i k+e-j+2j-i 
\D l U k ^\ < C E E r_2 | £,m9 ^^ $ l ^ C E ^r- 2 \D m W$l 

m—l i—0 m=l i—0 

where, as in the statement of the Proposition it is understood that the sum vanishes if j = 0. Hence, using 
the elliptic estimate for {r > Ra}, i-e., Proposition [Til 



r a (D e U k ,j 



2 



- C E E / r a ~ A [D m h l <S>X 



k+i-ij-1 r (46) 

<^EE rQ " 4 J * ( d ™^) < T 



m=0 i=0 ^rn{r>fln-l} 
k+i-i-1 j-1 



c E E / r "~ 4 (p™^) 2 + p m ^) 2 ) • 

m=0 i=n -/S T n{r>iJ n -l} V ' 
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Now we can estimate U k by induction: Fix any k and we will induct on j. By definition, Uk,o = 0. Now, 
assume that for all k + £ < 16 and for some jo > 1, we have 

E / ^(D^) 2 

k+l<M,j<min{j -l,k} Et 

(M-i 30-2 M-l-ijo-1 „ \ 

EE/ r"- 4 J^(ai?n i $)n^+ £ E/ r a -*(£> w JV0 2 . 

for all a < 4. Then, using (|46|) . we have that for k + £ < 16, and jo < k, 
f r«(D*U kM ) 2 

/k+(.-ija-l r k+l-i-lja-l \ 

<C EE r^feV$W + J2 E/ r<*-*(D™ Ni ) 2 . 

V m=0 ,=0 ^S T n{r>fln-l} V ' m=0 J=0 / 

Hence, gS]) holds. □ 

We now estimate the nonlinear term Nk. Since Nk is at least quadratic, we do not need to be precise 
about the constants A and we will always estimate with the maximum A. 

Proposition 27. Nk satisfies the following estimates for fixed t* = t: 

f (D e N k ) 2 <CBA 2 e 2 r- 2 +^, 

k+£=16 St 

J2 [ (D e N k f <CBA 2 e 2 r- 2 . 

k+t<lb S ^ 

Nk also satisfy the following estimates for when integrated over t* G [(1.1) t, t] : 

V ff r- 1 - 6 (D e N k ) 2 <CBA 2 e 2 r~ 2+ ^, 

k+l=lb jJK((l.l)-W,T) 

V ff r- 1 - 5 (D e N k f < CBA 2 e 2 r- 2 . 

Proof. Here, there is no need to distinguish between the good and bad derivatives. 

\D e N k \ < \D e T k (AiD$D$) | + |r fe c|. 
We claim that the most important terms will be those that are quadratic in D-? +1 r l <I> or cubic of the form 

(_DJi+ip'i$) (£> J2+1 r i2 $) (r i3 $) 

with i\ + ji, i2 + ia < 8. For by the assumptions every term has the form 

(o^r 1 ®) (D j2 r l2 <f>) (D 33 r i3 <5>) (D H r i4 <P) ... (d^t^®) , 

with r > 2, at least two j's > 1 and i + j < 9 for all but at most one factor. If all factors i + j < 9 or the 
factor that i + j > 9 has i > 1, we can reduce to the case D J1+1 r il <i>£' : ' 2+1 r i2 $ by putting all other factors 
in L°° using bootstrap assumptions (1311) . (|3"2"|) . (|31?|) and (|4T))) . If the factor that i + j > 9 has i — we reduce 
to 

(D Ji+1 r n $) (£> J2+1 r i2 $) (r i3 $) 
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again by putting all other factors in L°° using bootstrap assumptions (f3~T|) . (13"!?]) , ([3"5]) and (|40l) . 



4>l 



<C(sup ^ l^i+ir^l 2 ] ^ I |L> j2+1 r 42 $| 2 

+ c(sup J2 |£» J1+1 r n $| 2 ] (sup ^ r 2 |^ 2+1 r 42 $| 2 ] ^ /" r- 2 |r 3 

\ U+Ji<8 / \ i 2 +32<8 ) i3=0"' S - 

e+i k 

<cbAct- 2 J2Y1 / (^r-'*) 2 

i=l j=0 

using Hardy's inequality Proposition 1101 
<CBAer- 2 J2 f J% (d^Y^) n* r + CBAer^ £ f ({VU^f + 

using the elliptic estimates in Propositions H2] 
<CBAer- 2 £ W J " (^'V**) + CBAer^ £ / (fl-%) 2 , 

where we have used Proposition [25] in the last step. Now, a simple induction would show that 

Y, I (D e N k ) 2 <CBA 2 e 2 r- 2 +\ and 

k+l=16 St 

f (D e N k ) 2 < CBA 2 e 2 r- 2 . 

k+l<15 *' St 

We now move on the the terms integrated over t* € [(1.1) — 1 t, t]. Arguing as before, and noticing that the 
elliptic estimate in Proposition |H] also allows weights in r, we have 

J Jn{{l.l)- 1 T,r) 

t k 

<CBAer- 2 £ W/ r^J* fePF$) t£ t 



i+i<*+<-l -/^W((l.l)- l r,r) V 7 



^ k 



<CBier- 2 VV // r' 1 - 6 ^ (dpi T'<I> 



l k 



<cbA(t- 2 VV k Xi (d™r J y's 

i= O j=0 -'->TC((l.l)- 1 T,r) V 

+ CS^er- 2 V // r- 1 - 6 (D l N< 3 ) 2 

i+j <k+e-i JJ n(i-i)- 1 T,T) 

Now, the bootstrap assumptions (fT%]). d^HJ) and an induction on fc + £ would conclude the Proposition. □ 



30 



Now, the estimates for N k will also give improved estimates for Uk via Proposition! 
Proposition 28. The following estimates for Uk on a fixed t* slice hold for a < 2: 



k+l=lS 

E I r a (D"U ktj ) 2 KCA^er- 1 *™, 



k+e<u JEt 

T7ie following estimates for Uk integrated on [(1.1) _1 t, t] also hold for a < 1 + 5: 

. 2 



k+e=w 



E // r^D^Y^CAx^er 



>)16 



■R({1.1)- 1 t,t) 



E // r-(^ w ) ^CAxj-ier- 1 ^, 



fc+f<14' 



t J Jk«1.1)-1t,t) 

Proof. We first prove the Proposition for the estimates for the constant in r terms. By Proposition 1261 

r° (D e U kj ) 2 

<qEE r°-*jf fen*$)n^+ E E/ r°- 4 (Z)™JV0 2 ] for a < 4. 

V m =0 i=o J=rn{r>Bn-l} V 7 ro=0 H) ^ / 

The second term satisfy the required estimate by Proposition |2"T1 We estimate the first term. By ©, 
16-i 3-1 

^E 

=0 i=0 J S T n{r>J?!i-l} 



16-i 3-1 

E E / ra ~ Aj " (d?W<f>) < CA^er^. 

. n„_n JE T fl-fr>iln-l> v y 



By JTD]) and Proposition [2J 

15-iJ-l 



EE/ - Q " 4 ^ M l <f) < 

'15— -13— 1 15—13 — 1 



< c E E / ^ < + E E -~ 2 / j ; < 



<CA^ x tT- 1+r] ^. 

By ([TTJ and Proposition 

H-ij-l 



EE/ ra - 4j » (a?n'*) < 

^CAj-xer- 2 ^ 14 . 
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For the integrated terms, we similarly have, by Proposition! 



// 

J J% 



r a (D l U k : 2 



1Z{{1.1)- 1 t,t) 

E E // ra - 4j " < 

k+e-i-ij-i . „ \ 
+ E E // r Q - 4 (^ m 7V,) 2 for a < 4. 

m=0 i =0 ^^((l-l)- 1 ^) / 

The second term can be estimated by Proposition [27] Notice that r~ 1+s j]^ ($)ni^ < K x ° ($). Hence, 
following the argument above for the fixed r case, we would have proved the Proposition for the case 
a < 1 — 8. Nevertheless, with more care, we can improve to a < 1 + 8. 

EE// j; «£.. 



k+l-i j-1 

< 



C E E // (<9 t W$) 

+ C E E // r -2+2^X ( a m^ _ 

For fc+£ = 16, this is bounded by CA x ,j-ieT me by (JT7J). For fc+^ = 15, this is bounded by CAxj-ier" 1+ '' 15 
by (Ell) and ([11]). For k + £ < 14, this is bounded by CA x ^-ieT~ 2+,lli by (H2J) and ([11]) since 28 < 7714. □ 

While the above is sufficient to recover the bootstrap assumptions for the pointwise bounds, we will need 
improvements to achieve the energy bounds. For the improvements, we study separately the region r < j, 
T — r — To an d r — To- F° r the region r > we will only show the improvement for N k instead of 
the derivatives of N k . Various complications would arise in estimating the derivatives of N k . For the region 
r < however, we will estimate also the derivatives of N k as they will be necessary to estimate the error 
terms arising from commuting with the red-shift vector field. 

Proposition 29. 

E / r 1 ' 5 (D e N k ) 2 <CBA 2 e 2 T- 3 +^+^. 

E / r 1 - 5 (D e N k ) 2 <CBA 2 e 2 T- i+ ^+^. 



1 - •- -2 2 -5 + ^3,11+^14 



E / r 1 ' 6 (D e N k y < CBA 2 e 2 r 

Proof. As before, we only have to estimate terms quadratic in D 3 T l & with j > 1 or cubic of the form 

(D Ji+1 r li $) (£> j2+1 r i2 $) (r i3 $) 
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with ii + jx,i 2 +h < 8. 

r 1 - 5 (D e N k )' 



i k 

\D j2+1 T i2 $\ 2 



r -2| r i 3 $|2 



<C sup V r 1 - 5 !^'^ 1 ^^! 2 Vm 

+ C*(sup V r^lD^r^A Y> 25 / 

\ r ^i 1+J1 <8 / i 3 =0 J ^n{r<^ 

£-\-l k k 

i=i j=o •'E T n{r<f } i 3 =o"' s - (47) 

by Hardy's inequality. Notice now that the second term has more decay than we need, 
so we will drop it from now on. 

<CBAeT- 3+ris i1 V V f (<9™r J r'$) n£ 

^ m=0j - =0 ./£ T n{r<.|} V ' 

£—1 k 
i=0 j=0 



2 



i+j<k+i ' i+j<fc+£-l 

The Proposition would follow from an induction on k + £ and the bootstrap assumptions ©, (fTU|) . (jTTJ) . The 
fc + £ = case also follows from the above computation as we have adopted the notation that =0. □ 

i+j<-i 

We now move to the region {^- < r < ^-}- In this region, u ~ £*, and therefore we can exploit the 
decay in the variable u given by the estimates from the conformal energy. 

Proposition 30. 

/ N 2 e < CBA 2 e 2 T- 4+mi+riw , 

[ N 2 5 < CBA 2 € 2 T- r ° + ^+^ 15 , 

and 

14 

V/ N 2 < CBA 2 e 2 T- 6+2r ^. 

j=0 Js r n{^<r<%} 

Proof. Arguing as before, we see that the main terms for the nonlinearity are those that are quadratic in 
D<& or those that are cubic with the form r 43 $_Dr il $Z?r i2 <i> with ii,«2 _• 8. The quadratic terms can be 
estimated: 

L#J k . 

V V / \DY ll <S>DT l2 §\ 2 



<C (V sup \DT ll <P\ 2 ) V f 

l^OI^I / i3 =o J ^m{i<r<^} 

k 

<CABeT- i+mi Y^ / \DT l <$>\ 2 . 

i=0 Jv T n{i<r<!tL} 



DT t2 <P\ 
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The particular cubic term can be estimated as follows: 

LIJ k 



2 

-.r I \ sui» /)r"<i> J | V f ir <3 «T> - 



:c(]T sup |z?i*$| 2> ) 2 / 

<CA 2 B 2 e 2 r- 8+2 ^Y] [ |r*$| 
<=o ^ T n{j<r<^} 



In principle, for A: < 15, we can then control the last term using the conformal energy. For k = 16, however, 
conformal energy is not available, and we need to use Hardy's inequality. 



Aer- s+2rni V f |r$ 
i=o ^n{i<r<^} 



8=0 "' S t 

fc 



<CAeT~ 6+2 ^Y, f J^(r l $)< T . 

i=0 



The estimates now follow from the Bootstrap Assumptions ©, (jTUJ) , (jTTJ) . □ 

For many applications, we only need a much weaker estimate on Nk- We write down the following 
Proposition which corresponds to the estimates that will be proved for the quantities involving S. This 
would allow a unified approach in dealing with many estimates with or without 5*. 



Proposition 31. 



/ r 1 -^ 2 ^ < CA 2 e 2 T- 3+Jls ' 11+ '^ 6 

Jv T n{r<%} 

f r x - s Nl 15 < CA 2 e 2 T- i+ ^- 11+ ^ 5 

Js T n{r<%} 



We now move to the estimates for Nk in the region {r > Here, we need to exploit the null condition: 

Proposition 32. For a = or 2, 



[ N 2 e <CBA 2 e 2 T~ 2+ ^ 16 , 



/£ T n{r>fr } 

a Nf 5 < CBA 2 e 2 T- 3+a+,n \ 

s T n{r>f^} 
and 

14 

V / r a N 2 < CBA 2 e 2 T- A+a+ ^. 

j=0 Jz T n{r>%} 

Proof. Following the argument before, we reduce to quadratic and cubic terms. This time, however, the null 
condition plays a crucial role. For the quadratic terms, we need to consider 
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where i\ > %i. For the cubic terms, we need to consider 

(L»r li $Dr 2 $L>r i3 $) , (z)r li $Dr 42 $r i3 $) . 

Notice that for the first cubic term can be dominated pointwise by quadratic terms of the third type listed 
above using the bootstrap assumptions (|3"3")) and The second cubic term can also be dominated by 

the first two types of quadratic terms if 13 < 13 by (f3"Tj) and (f3"5)) . We can thus assume «3 > 13 and hence 
£1.5*2 < 8. We now estimate the quadratic terms 

LtJ h-j 

V V / r a {\DT ll ^DT l2 ^\ 2 + \DT ll ^DT t2 ^\ 2 +r- 2 \DT ll ^DT l2 ^\ 2 ) 



<C| sup V r 2 \Dr*$\ 2 ) ( V / r"" 2 !^ 1 
+ C( sup y r 2 |OT l2 $| 2 ] ( y / 



$|2 



r «-2|£)pil$|2 



1-2 !£)r li <i>| 2 



+ Ct- 2 I sup V r 2 |OT l2 $| 2 ] ( V / r Q 
<CAB(\Y\ [ r^lDT^l 2 ] + CABeT- 2+nii [V / r Q - 2 |LT 4 $ 



We then estimate the particular cubic term 

fc 8 



8 



<C( sup V r 2 |Dr l2 $| 2 ) ( sup V r 2 ^ 2 ^ 2 ) ( V / r - 4 ^* 1 
<CA 2 B 2 e 2 r~ 2+ ^ fy / r Q " 4 |r$| 2 ^ . 



$1 



Therefore, 



TV 2 



S T n{r>2r } 6 



<CylSer- 2 f V / |OT l $| 2 ) + CABer" 4 ^ 14 f V] / 

+ CA 2 B 2 e 2 r- i+ ^ ( y / r- 2 |r$| 2 ) 

V£o-/=rn{r>ft} / 

< (CASer- 2 + (CABe + CA 2 5 2 e 2 ) t- 4 +" 14 ) f V / 



z?r$i 2 



<CA 2 Be 2 r- 2 +^ 
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and 



L 

<CABer- A I V / r 2 |OT^| 2 ] + CABer" 4 ^ 14 ( V / |£>r$| 2 ] 

+ CA 2 B 2 e 2 r- 4+ 'w (V / t-- 2 |P$| 2 ) 

V^y Sr n{r>^} / 

<CABer- 4 (V/ r 2 |L»r$| 2 ] + (CVLBe + CA 2 B 2 e 2 ) T - i+r '^ I V / \DT l <S>\ : 

\ i=0 J^n{r>^} J \fo J ^ 

and 



r 2 *r2 

s T n{r>fr } 



<CASer- 2 fy / T 2 |£>r 4 $| 2 ^ + CABer" 2 ^ 14 / |£>r$| 2 ^ 

+ CA 2 B 2 e 2 T- 2 +^ [ V / r" 2 |P$| 2 ] 

Vi= ^n{r>ff} / 

<CABet- 2 [V / r 2 |£>r J $| 2 ) + (CABe + CA 2 B 2 e 2 ) r- 2+,)14 f V / IDF'*! 2 ) 

\ i=0 J^n{r>^} J VU>J^ J 

The conclusion follows from Proposition [2] and the bootstrap assumptions ([9|), (|10[) . (fTT|) . □ 

From the the estimates for Uk and iV^ and the L 2 — L°° estimates in the last section, we get the following 
pointwise bounds: 

Proposition 33. For r > 



B 



y |rJ$| 2 < -Aer- 2 (t*) 1+ ^. (48) 
f>F$| 2 <f A. (49) 



£ f>^$| 2 <| A^ 2 . (50) 

£=1 i=0 
8 B 

y |OT J $| 2 < -Aer- 2 {t*)^{\ + \u\)- 2 . (51) 

3=0 

8 R 

J] |L>P$| 2 < -Aer- 2 (t*)- 2+rn *. (52) 



For r < \, 



13 

y |P$| 2 < _Ae(r)- 1+,?15 . (53) 

14-j 13 

J] J] |D £ r J $| 2 < BAe{t*)- 1+7]15 . (54) 

£=1 j=0 
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13— J 12 

E l^^l 2 < BAe(t*)- 2+ ^. (55) 

£=l j=0 
9-3 8 

^^|^P'$| 2 < -Aer- 1+5 (<*)- 3+ " S11 . (56) 

1=1 j=0 

Proof. is immediate from Proposition [TBI and the bootstrap assumptions (fTU)) and ((TTJ). 
By Proposition [Ml 

13 / 15 P 1 ,. \ 

v 2 



7=0 \fe=0 St fe=0 Et 



13 



Hence we get (|49)l by bootstrap assumption (fT2|) and Propositions [27l and [28l The constant is improved since 
Ae < 1 and C < 5. 
By Proposition [15l 

2fw<cr- J SEE / j^(apn*r'*)n£ T + E / (^ m G< fe ) 2 ] 

£=1 j=0 ym=0fe=0j'=0^ ST TO+fe<10 St y 

\j=0"' S t m+fe<10 St 

We hence get ([50]) by bootstrap assumption (fT2|) and Propositions [27] and [2Sj The constant is improved 
since Ae < 1 and C < 5. 

By Proposition [TH1 for r > j, we have 

8 

^ |L»F$| 2 

3=0 

<Cr- 2 (1 + M)" 2 E E E (/ J m +CN (dZ&T^) < + Cr 2 / J* (apn*T*«) ^ 

+ ^- 2 EE/ (□„ (ftT**)) 8 



k=Q 3=0 " , S T n{«'~«}n{r> J} 

<CAer^r- 2 (1 + |u|)- 2 + Cr- 2 / / G 2 < 10 

J Js T n{«'~«(n{r>i) 

by bootstrap assumption ([lip 

<CAer r ' 14 r- 2 (1 + |u|)~ 2 + CL4e(t*)- 2+ " 14 r- 2 + CA 2 Be 2 {t* )- 2 +"" r - 2 

by Propositions I3T1 l32l and [28l 

<|Aer- 2 (t*)^(l + M)- 2 . 



Hence we have proved (fSTj) . 
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By Proposition IT91 for r > j, we have 



fe=0 7=0 • /lj 7-n-tr> ¥ > 



2 

J" 

" 3 = 

2 



<CAer- 4 (t*)" 14 + CAe(<*)- 2+ " 14 r- 2 + CA 2 Be 2 (t*)- 2+m4 r' 
~ 2 v ; 

Hence we have proved (|52|) and completed the proof for r > ^- . We now move to the pointwise estimates in 
the region r < (|53l) follows directly from Proposition [22l and the bootstrap assumptions (fTCfl) and (jTTJ) . 
By Proposition [50l 

i=l j=0 \i+j<15 J ^rn{r< t —} t=1 j-QJET 

where we have used the fact that [Y,T] = 0. Hence (|54|) follows from the bootstrap assumptions (fTUf and 
(fTTjl and Propositions [27] and [28] The proof of ([55]) follows similarly as (|54[) : by Proposition [20l 



G<^ 2 



Hence ([55)1 follows from the bootstrap assumptions (fTT]) and Propositions [27] and [251 
Finally, by Proposition [521 for r < V> we have 

g j g 

VV|fl¥$| 2 <c(i*) _1 r~ 1+4 XI // (^T J '$) + (sry*r'#)) 

f=lj=0 i+j<lO"''' w C(l-l)- 1 r,T)n{r<f } 

+ C(r)- 1 r- 1 + 5 V // r-^^G,) 2 
s :+i<lO J '^(( 1 - 1 ) _lr ^) n {^ i f > 

<CAeT- 3+ ' 7s ' 11 r- 1+<5 + CA 2 e 2 T- 3+,lli r- 1+5 

<^Aer- 3 +" s - 11 r- 1 + 5 , 
~ 2 ' 

where in the third line we have used the bootstrap assumptions ([M]) and (|3H)) and Propositions (31] (35] and 
[28l The only caveat is that when using (f30|) . the vector fields Y and 5 are in different order. However, since 
[S, Y] ~ D, we can estimate the commutator term by (|24[) . □ 



Now, we have proved the L°° bounds, we will replace the constant B in the bootstrap assumption (|31[) . 
([32]) . (J33j, {33]), (|35]>. ([39]) . (@2j by C in the sequel. Notice that we have originally assumed 5 < A and 
therefore C <C Ao still holds. We now proceed to recover the bootstrap assumptions (K) that do not involve 
the commutators Y or S. We first retrieve ([2"TT) - (j2"4"]) . Notice also that we will retrieve (fTT|) and pi?]) later 
together with © and (fl2]l. 



Proposition 34. 



E ^ / / (K Xo (d\, &$) + K N (d\, ft* 



< 2 T ~ ■ ( 5? ) 
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E A x] 3 II KXl fe^'*) < |^ 1+ " 15 - (58) 

V ^v\- II ( K Xo ( djM j $) + K N ( dLfr'§)) < ( - T - 2+711i . (59) 



i+j'<14 



i+7<13 ^((l.l)-iT,T)n{r<^} 



< l r - 2+ "". (60) 



Proof. We first prove the estimates involving Xq, i.e., ((57)) and (|59l) . By Proposition [5)1 and the Remark 
following it and the fact that \d™N).\ < \N<k+m\, we have 



E / / (k Xo + k n (oi, m) N 

i+j"<15 \ ^(1.1)-^ • y2j (i.i)-i T r H r i I Y> 

+ C E A xjll . r 1+S Nl 16+ snp / 



hJ<15 

+ // r 1+S (U< 15 ,< 3 f 

/'R((l.l)- 1 r-l,r+l)n{r<^} 



<C E (^xfi^ er " 1+ ' 715 +^x J ^ 2 eV- 2+ ^• 11+I ' ls+2,5 + C , A x 1 J v4 A - J _ 1 eT- 1+, ' 15 

i+j"<15 

<i r -i+»)i5 

by Propositions [31] [32] and [28] Notice that our integrated estimates for U in Proposition [28] is only for 
[(1.1) -1 t, t}. Nevertheless, for the region [(l.l) _1 r — 1, (1.1) _1 t] n [t, r + 1], we can use the integrate over 
the fixed r estimate in the same Proposition. By Proposition [Hi and the Remark following it and the fact 
that \d£N k \ < |iV< fc+m |, we have 



y A x\ 1 1 ( rX ° fefFV) +K N (diM j ®)) 

-'-'-R.((l.l)- 1 T,-r)n{r<^} V V 



i+j <14 



+ C E A xJll r^N* <15 + sup / 

, 1+J -<14 \J JK((l.l)-iT-l,T+l)n{r<S£} {•£[(l.l)-V-l,T+l]JE j 



hj<14 y»«-vv-W -,-,,-,TV"V--irJ f*£[(l.l)-ir-l,T+l]./£ t .n{|r-3M|<f4 

+ // r 1 + 5 (c/< 14 ,< J -) 2 l 

JJRHl.ll-'T-u+ltnjK^} / 

<C E (^xj^«^ 2+ " 14 + ^A 2 e 2 r- 3+ " s ■ 11 + I ' 15 + 2,5 + A-^Ax^ct- 2 ^ 1 

i+j<U 
< £ T -2+ I)14 

The proof of (|58|) and (|60[) proceeds in an identical manner. Notice that using Proposition [8j2, the right 
hand side when we estimate (f58j) (respectively (|60|l) is identical to that when we estimate (f57j) (respectively 

(52)). □ 

Now we move on to retrieving the bootstrap assumptions (J) with better constants: 
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Proposition 35. 

E A f [ J" 

■4-1 = 1 fi 



i+j=16 



n£ T <|r"". (61) 



E A f \ #(&« , '*)»£ T <f ( 62 ) 

i+j<15 St 

E a- 1 ( // + // ^ fa-fr's) j < e - T ™. (63) 



i+j=16 



i+j=15 



E //_ X Xl < -r™. (64) 



7?-(to,t) 



E // W^>)<|. (65) 

£ A ^IL« X '^*) <( - (66) 



i+j<lA 



K(t ,t) 



Proof. We will prove the slightly stronger statements with replaced by A,-. Using Proposition [3] and HI 
we have 



N't R | (ft* | + / / 2V? 6 



r 1+5 C/ 1 2 6 + sup / 



16. j ~ ou P / ^16,j 

TC(t -1,t+1) t*G[r -l,r + l] Js t ,n{|r-3M|<f-} , 

<C E Aj 1 (e + Ah 2 ^ 1 ^ + Ax^-ier^) 

<-T V16 . 
~4 

15 

We now turn to the estimates for |r J $|. We have 

3=0 

E ATM / (4 fr*) ^ + // K x ° (dt, 

<c E a; 1 )'/ j»( dl ^)n ko + (f +1 (f ^Ydt 



r -l VS t . / / J J 1Z(t — 1,t + 1) 



N 2 < 15 



r 1+5 Ul 15l <j+ sup / ^liB,<i 



'7J(t -1,t+1) t*E[T -l,T+l] JS t «n{|r-3M|<-f} 

<C E AJ 1 (e + A 2 e 2 + CAx,j-\e) 



i+j <15 



e 

<-. 
~2 



It now remains to show (l64l) and (|66|) . By Proposition [6] they can be estimated by exactly the same terms 
as ([63"1) and (|65|) respectively. The Proposition hence follows. 

□ 
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We now move on to control the conformal energy and close the part of the bootstrap assumption (JXQJ) 
without Y. 



Proposition 36. 



E A t ( I J ' +N - WZ n£ r + Cr 2 / < (flf.fi**) „») 



Proof. By Proposition [71 



<^r 1+ " 15 . (67) 



<C Y Aft [ jZ+ CN ' wZ +5' {{ (t*fK x °(ekQ**\ 



+ + a) // (i*) 2 ^ (<9*,sV$) + (S'y 1 / / t*r~ 1+s K Xl (<9 t \fF$) 

+(*T 1 E // cov-* (^iv 15 ) 2 + (<5') _l / / (ov+ 5 c/ 2 5 

m=0 J J-R(T ,r)n{r<^} J J K (r ,r)n{r<2±f } 

-(5TM/ (/ . r 2 G 2 5j Vdr) + (5'r 1 sup I _ (r) 2 iv 2 5 



T W£ t .n{r>V} 



We will estimate the terms one by one. First, the term with the initial data, i.e., the very first term, is 
clearly bounded by C(^2j ^J 1 ) e - Second, we consider the two (t*) 2 K terms on the second line. To this end, 
we define as before tq < t± < ... < r„ = t with t^ + i < (l.l)rj and n ~ log(r — To) is the minimum such that 
this can be done. Thus, these two terms can be bounded, using the bootstrap assumption (|21j) . 



S> E A f II (t*) 2 K x ° (d l t M j $) + {§' + a) II {t*) 2 K N 

4+ 7^15 J JK{T ,T)n{r<i^} • ' JJlZ(T 0: r)n{r<r-} 



n-1 



^ C E V E / / K ' X0 fa™*) + V + a) rl \ \ K N 

i+j=l5 fc=0 V J J K(T k ,T h+1 )n{r<%} V ' JJn(r ,r)n{r<r-} V ' ) 

This is acceptable since a, 5' <C Third, the term with t*r~ 1+s K can be bounded using the bootstrap 

assumption (fl"8|). 



V A; 1 t*r- 1+s K Xi fefF$) 

ri— 1 « « 

KCi&r 1 E V Em/ (*" , «) < ^r 1 E 



.4 

_ 4 



This is acceptable since 7716 <C 7715 and therefore the constant can be improved for r large. Fourth, the 
integrals involving JV15 can be bounded using Propositions 1311 and 1321 



1 



<( 



cis'y'Ao 1 E / / (**) v+5 (^i 5 ) 2 

CA 2 A- 1 e 2 {5')- 1 1' {t*)- 1+ns - 11+ni5+2S dt* < CA 2 A- 1 e 2 (S')- 1 T vs - 11+TI11 



+2(5 
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CiS'y'Ao 1 I / / r 2 N 2 A dt*\ KCA^^e^ST'r 1 ^ 15 , 



CiST'Ao 1 sup / (i*) 2 iV 2 5 < CA 2 A^e 2 (S')-' 

t*ElT ,T]j£ t ,n{r-<r<2SM-} 



These are all acceptable since e would beat all the constants. Fifth, for the commutator terms U 2 5 j, we 
estimate by Proposition |2"51 

n 1 

JJn{T ,r) l=Q J JlZ(T t ,T i+1 ) A 3 

2 



Since 



r Ws t .n(r>^} " / / Aj 



6t± « <<; ^ 

A? 

all terms are acceptable. □ 

With 14 or less derivatives, the conformal energy behaves better. We now close the part of the bootstrap 
assumption (fTT|) without Y. 

Proposition 37. 



< -T^ 14 . 

~ 4 



i+j<14 

Proof. By Proposition [71 and noticing that {/ is supported away from {\r — 3M\ < ^-}, we have 



+ (5' + a) // (t*) 2 if w (diM j $) + (5'y 1 / / t*r' 1+s K Xl (di.SVQf) 

J Jn(T ,T)n{r<r-} V 7 JJtZ(to.t) v y 

+ (*T 1 £ II (t*fr 1+S (d™N <15 f + (5T 1 1 1 (n 2 r l+5 ui 15 ^ 



■!<>') '[/(/ r 2 G 2 <15 . <3 dt*\ +(S<)- 1 sup / (t*) 2 iV 2 15 



\ 



As before, we estimate each term one by one. First, the term with initial data is clearly bounded by C Aje. 
Second, the (t*) 2 K terms can be bounded, using ((23)) . and dividing the interval into tq < t% < ... < r n = r 
as before by 



A 11-1 A 

C^le (26' + a) ^ < C^-e^ (25 + a) r" 



^4 a A. a 

i=Q 
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A 

«; ■ 

assumptions (l20l) and (|22|) , by 



This is acceptable since a, 5' <C ^ . Third, the i*r 1+5 K term can be bounded, using the bootstrap 



(5T 1 E A Jl t*r- 1+s K x i (diM j $) 

i+j<U JJk{to,t) V ' 

<{b r )- x V Aj 1 I ([ t*K Xl (diM j $) +11 t*r- 1+s K Xl (d l t ,W<p) ) 

i+y<li V JK(T ,T)n{r<!£} V ' J Jn(r ,r)n{r>^-} V > J 

<c(,5r 1 E A 7 l E ( Tk 1 1 RXl f^.^*) +*k // fe^*) 

i+i<14 fe=0 V J^(r fc ,r fc + 1 )n{r'<^} V 7 7 J TC (r fc ,r fc+1 )n{r> £ } V ' 



1 -1,1716 
VIS T ) 



4i 



which is acceptable for r large since 7715 <gc 7714. 

Fourth, the integrals involving iV<i4 can be bounded using Propositions [31] and [32] by noticing that 
\d t *N< u \ < CN< 15 : 



C^') -1 V E / / (t*fr 1+S (5 t "-^<i4) 2 

m= o^%,T]n{r<f} 



1 \ 2 

O'V', Mo 1 ( / I / r^jdr ] , r.lM.TW) "Vr"'-. 

/ro WE t .n{r>£} 



C^O-'Ao 1 sup / (t*) 2 7V 2 5 < CA 2 A^e 2 (6')-\ 

t*e[T ,T]JS t ,n{r-<r<^M.} 

which is acceptable since e <C A5?y^ . Fifth, for the commutator terms C/< 14 < j, we estimate by Proposition 

71 — 1 

(ST'AJ 1 1 1 (t*)V+* (C/<i4,<,) 2 < ^(f)- 1 ^-!^" < C^)- 1 ^/^^^, 

JJk(t ,t) ^ Aj 

/ 1 \ 2 

i'rU-U [If „2 TT 2 I J + * I ^ ^>^-l4irl^-l, 

A,- 



Since 

all terms are acceptable. □ 

We now consider terms involving commutation with Y and recover the bootstrap assumptions (|10[) 
and (fTT|) . 

Proposition 38. 

A Y 



i+fe=16 

and 



E / 

j, — 1 c J S x 



E f J N jY k dl,An^< 

t,_ 1t: JS T n{r<r;} v 
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E - 2 I J^(F fc ^W<^eT- 

I+ fc<14 is ^{r<r f } v 



4 



Proof. The idea is to use Proposition 13 and use the fact that it gives the control of an integrated in time 
quantity. From this we can extract a good slice to improve the constant. By Proposition 1131 

E (7 + J ? $ ) n k + II J? *) <. ) 

i+fc=16 \J^n{r<r+} V 7 JiR(r',r)n{Kr-} V ' J 

<c\ y [ j" (d}S m <p) < , + E / J ^ (4$) < 
+E// ^(4*R»+E// 

<CAy(T') m6 +CA r" 16 +CA 2 e 2 (r')- 1+ " 16 , 
by ®, (HU) and Proposition [27] Take r' = r - A . Then 



E // J ^ n£ < CAyr r ' 16 + CA t" 16 + CAVt^" 16 . 

i+k=W JJ K(T- A ,r)n{r<r-} \ > '* 

Hence there is some f € [t — Ao , r] such that 

E / </f (Y k di,$) n£ < CA Y A V' 16 + Ct 1116 + CA 2 e 2 T- 1+1116 . 

We also have by © and the elliptic estimates in Proposition |H1 



E / + J?(Y k ^*)< f 

-fc = 16- y ^n{r-<r<r+} V ' 

cjtf . J*(^K f + e / (^ iG <i.o) 



16 

< 

i+j<15 

<CA r mB + CA 2 e 2 T- 1+mti . 



Now reapply Proposition 1131 from f to t, we get 

E / + 

i+fe=lfi- / S T n{r<r+} V 7 



<C E / Ju (di*Y m $)n£ +CA T r > 1B +CA 2 e 2 



Since C <C Ao -C Ay, we get the first statement in the Proposition. The derivations for the other bounds 
are identical, with the constants and exponents replaced appropriately. □ 



From this we can also derive some integrated estimates for y fe r : '$. This will be useful in controlling the 
commutator [O gK , S 

Proposition 39. 



E // J»(Y k dl^)n^<A Y er^, 
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E T ' // J»(Y k di,*)n^<AyeT^ 

t+k= 15 J Jn((l.l)-W,r)n{r<r-} V ' 



E r 2 // J?(y fc fl*.*W<Ayer 

' J7J((l.l)- 1 r,r)n{r<r i ;} V 7 



i+fe<14 



Vli 



Proof. This is a direct consequence of Proposition [13] [2Tj [38l as well as the bootstrap assumptions (J9)), (fTO)) 
and (TO). □ 

We will finally proceed to the quantities associated to the vector field S. Recall from that for large 
values of r 

| R „.S,.-( J + 9!)^-2(^-,-^)*..- 2 ((^-i)-^)^| 

2 

<Car- 2 (E |£> fe $|). 
fe=i 

and that for finite values of r, we have 



|[D flK! 5]$|<C(El^l). 



fe=i 

Moreover, all the coefficients in the commutator term obey the same estimates (with a different constant) 
upon differentiation. Therefore, 

u BK (sr fe $) = v k + s(u k ) + s(N k ), 

where 

(£+1 1+2 

We would now estimate these three terms separately. We first estimate the V k terms: 
Proposition 40. For a < 2, 



e+ k <i3 

For a < 1 + S, 



E / r a (D e V< k ) 2 <CA Y er 



-2+7/i 4 +<5 



E // r a (D e V <k y <CA Y er- 1+ ^ +s . 

V // r Q [D l V< k ) Z < CM.y£T~ 

«+fe<12- / - /TC (( 1 - 1 )- 1 ^) 



Proof. By the elliptic estimates in Propositions 151 and IT21 we have, for a < 2, 

E / ^v< fc ) 2 

i+i"<12^ St i+i'<ll "' Et 



<( _ 

i+j<12 JEt 

<C(A Y e + A 2 e 2 )r- 2 +^ +5 , 
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where we have used Propositions |2~T1 and E51 the bootstrap assumptions (jlip (for r < ^-) and (|12p (for 
r > K) 

By the elliptic estimates in Propositions [9] and [121 we have 
r a {D £ V <k ) 2 

Tl((l.l)- 1 r,r) 

£+/c+l £.-\-k 

<C V // r tt - 4+i j;frP<D)/ s + V // r^ 4+5 (^G<,) 2 

We first consider the case £ + fc = 13. For the first term, we divide into r < 4- (which we estimate by 
(|22| and Proposition |39)) and r > V (which we estimate using the extra decay in r by HH)). The second 
term contains the U k and the N k part. The U k part can be estimated by Proposition [25J The N k part 
can be estimated by Proposition |2~T1 The £ + k < 12 case in completely analogous, replacing the bootstrap 
assumption $22$ by □ 

We then proceed to the estimates for S(Uk)- Notice that when we prove the estimates for the derivatives 
for S(Uk), the derivatives for S(Nk) will be involved. Like the proof of the estimates for Uk, we will first 
prove estimates for the derivatives of S(Uk) depending on S(Nk), and close the estimates after we control 
S(N k ). 

Proposition 41. The following estimates for S(Uk) on a fixed t* slice hold for a < 2: 

13-j 



E f r a (D l (S(U k , j ))) 2 <CA s , j - 1 er^ + ^2 f (D m S(N<j-i)) 2 . 

fe+£=13^ ST m=l 

E / r Q (^(5([/ M ))) 2 <CA Sj „ l£ r- 1 ^-+^ / (D m S(N<^ 
E / r°(^(5([/ fcj ))) 2 <CA Sj „ ie r- 2+ ^ + ^/ (D^N^)? 



*>M<11 T m=l 
TTie following estimates for S(U k ) integrated on [(1.1) r, t] also hold for a < I + 5: 

13— j 

E // r a (D e (S(U k<j ))) 2 <CA s ,x, j - 1 er^+^2 [[ r"\D m S{N <3 ^)f . 

kt^l3 J ' Jk({1.1)-1t,t) ^iJJk((i.i)- 1 t,t) 

12— j 

E // r a (D i (S(U k<j ))) 2 <CAs,x, j -ier- 1 +^+^2 [[ r^{D m S{N<^)f 

11—1 

E // r Q (^(5(t/ fciJ ))) 2 < C^ SJf ^ ie r- 2 +"s- + E // r- 2 ^^^)) 2 

fc+< ,< 11 iiK((l.l)-ir,r) ^Tl-'-'W((l.l)- 1 r ) r) 

Proof. Notice that D f (S(Ukj)) is supported in {r > Rq} and satisfies 

\D e {s(u k ,j)) | < c E E r ~ 2 (l^^r^^i + |D w ^r i n < $ 

m— 1 i— 
M-fe-j+2 j-1 



< c E E r ~ 2 (l^sn**! + |£>"W*I 



m— 1 z— 
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We can ignore the last term because it appears already in D^Ukj and can be estimated by Proposition! 
r a (D* (SiU^))) 2 



+k-j+2j-l 



<C V V / r Q " 4 (D m SSl i $ 

m =l *=0 Jz T n{r>Rn} V 



e+k-j+ij-i e+k-jj-i 

m =i t =o Jx T n{r>R n -i} K ' m=l l=0 Jv T v 

e+k-j+ij-i 



m =l *=0 JS T n{r>fl si -l} V 
M-fc-j f 

i is, 



m=l St 

We now apply the bootstrap assumptions. By bootstrap assumption (fT5|) and Proposition I4U1 

2 / r Q (^(5([/ fcj ))) 2 <C^ Sj -ier^+^ / ((^(C/^x,^)) 2 + (^Sfe-,)) 2 ) ■ 

fc+^=X3"^ ST m=l - ' Sr 

By bootstrap assumption (fT2)) (for r > ^-), (fl"4)l (for r < ^-) and Proposition l40l 

J] / r a (D i (S(U k , 3 ))) 2 <CA s ^ 1 er' 1+ ^+ 1 J2 [ {{D m S{U<^< 3 ^)) 2 + {D™ S{N<i-i)f) . 

By bootstrap assumption (H"2"j) (for r > ^-), (jT5j) (for r < 4p) and Proposition 001 

^ / r«(^(^(L/ fej ))) 2 <CA Sj -i £ r- 2+ ^"+|] J / (p™5(L/<,_ 1 x,_ 1 )) 2 + (^ m 5(7V<,_x)) 2 ). 

Noticing that Uk t o = 0, we can conclude the first three statements in the Proposition using an induction in 
j. (See the proof of Proposition |21)| . For the integrated in time estimate, we note that r" 1 ^ 8 (T l <I>) < 
CK X ° (r*$) and use the bootstrap assumptions (|25]l. ([26] . ((27)) and ((29j) (Sec proof of Propositions l26l and 

□ 



We then move on to the S(Nk) terms, first we will prove an estimate for the derivatives of S(Nk)- The 
decay rate here is not optimal, but would be sufficient to close the bootstrap argument. Our approach here 
is to prove the decay rate that is driven only by the pointwise decay of D l <& but not by that of D e S$. The 
latter can, in principle, be done by similar methods, but we will skip it since it will not be necessary. In 
subsequent propositions, we will then prove refined decay rate for S(Nk) (without derivatives) as well as for 
D e S(Nk) restricted to the region r < 

Proposition 42. S(Nk) satisfies the following estimates for any fixed t* = t: 

! (D e S{N k )) 2 < CB s A 2 € 2 t~ 2+ ^ s ^ 



[ (D e S(N k )) 2 <CA 2 e 2 T- 2 +^< 



k+(<12 ■ 

S(Nk) also satisfies the following integrated estimates over t* S [(l.l) -1 r, r] ; 

V ff r-^iD'SiNk)) 2 <CB s A 2 e 2 T- 2 +^- 



47 



V [f r-'-'iD'SiNk)) 2 < CA 2 e 2 r- 2+ ^+ 5 

fc+ ^<H^^((l.l)-V,T) 

Proof. We would like to do a reduction similar to how we estimated Nk- Clearly, only the quadratic and 
cubic terms matter and we only need to consider terms that contain S for the other terms are already 
controlled by the estimates of Nk- We will denote terms that are already in Nk by "good terms". The only 
cubic terms that are relevant are those which contain ST l $ since in the terms with ST l &, we can put 
all but one other factors in L°° using the bootstrap assumptions (pITj) . and (|4"0)l . Notice also that 

the conditions for D^Aq, D$Ai and D$C in the definition of the null condition guarantee that the bounds 
do not deteriorate if S acts on the coefficients. The relevant terms are 

(DJi5T ,; i$)(D^r 42 $), and 

(d 31 r n $) (D h r 2 $) (5r 3 $) . 

We first treat the case that k + £ < 12. In this case we will always put factors without 5 in 
(0fS(iV fc )) 2 



<C 

+ c 



J2 I (D ji sr h $f(D j2 r i2 $>f 

l+ta+Ji +32 <fc+f+2 , 3 i ,32>1 St 

^ / (Z^' 1 P 1 $) 2 (L> J2 T 22 $) 2 (ST 13 $) 2 + good terms 

il+i'2+i 3 +]l +32 < 14,3i ,32 > 1 St 

<c( ^ sup(^r l $) 2 1 ^ / (ip'st**) 3 

V i+3<fe+^+l,3>l y i+j<k+i+l ,3>1 

+ c( ]T sup^r*) 2 £ supr 2 (^r$) 2 ] £ / r- 2 (sr$) 2 

Vi+3<fc+^+l,3>l / Vi+3<fe+^+l,3>l y i<k+t JT ' T 

+ good terms 

<CAer- 2+ " 14 J2 I (D^Sr 1 ®) 2 + CA 2 e 2 T- 2+r > li J2 I ^(ST^)< T + good terms 

i+3<fc+£+l ,3>1 i<fc+£ 

using the bootstrap assumption (|32|) . (|33|) . (|37|) . f|41 1) and (J44J) and Proposition ITUl 

+ CMer" 2 *"" £ / (V^) 2 + P^(^)) 2 + (^^<,) 2 + {D'SiN^)) 2 + (£>V<3-) 2 ) . 

We now apply the estimates for the inhomogeneous terms, i.e., Propositions [271 1 ^81 140141] Since k + £ < 12,: 
/ (D l S(N k )) 2 

<CAeT- 2+r ^ I ( Sr ®) n k + J " ( r$ ) n k) + CA 2 e 2 T- 2+ ^+ 5 

i<12 

+ CAeT- 2+ ^ I ( D ' S ( N <j)) 2 - 

i+j<k+e-l 

The desired estimates then follow from an induction, together with the bootstrap assumptions (TH21 and (|16l) , 

-l 

since according to this notation = 0. 

i+j=0 
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We then treat the case that k + £ = 13. In this case it is possible to have 14 derivatives falling on the 
factor with $ and hence cannot be controlled in L°° . However, in this scenario, we must have 

Y {DS<l>)(D j r l <l>) 

s :+j = i4 

and therefore DS& can be controlled in L°° by the bootstrap assumptions (|3"T1) and (144"1) . In short, we have 
Y f (D e S(N k )) 2 

<c Y I P J1 sr 4i $) 2 (L> J2 P 2 $) 2 

ti-H2+3'i+j2<15,3i,33>l T 

+ C Y [ (£ )Ji r ll <I>) 2 (L' j2 r i2 $) 2 (5r 43 $) 2 + good terms 

h+ii+ia +h +32 < 15 ,ji ,j 2 > 1 T 

<C\ sup^r*) 2 ] Y [ (D'SY 1 ^) 2 + (sup (DS<f>) 2 ^) Y ( (D J T l <f>) 2 

>1 J i+3<li,3>l T i+j=14,j>l , ' St 



, i+j<14,j>l 



c| Y sup(L> j r$) 

K i+j<14,j>l 



Y sup r 2 (Dir®) 2 ] J2 f r~ 2 (Sr$) 2 + good terms 
yi+j<i4,j>i / i<i3 St 

<C*Aer- 2+?)14 ^ / (L» J 5r 4 $) 2 + C*B s ^er- 2+ " S11 Y / (L> j r$) 2 

i+3<14j>l T i+j = 14j">l S ^ 

+ CA 2 € 2 T- 2+r l 11 l J » ( Sr ®) n ^ + g°° d tei " mS 

i<13 St 

using the bootstrap assumption (j3"2"j) . ([3"3"|). (f3"Tl) . (|4Tj) and (03]) and Proposition [TU] 
<CAeT' 2+1 ^ I J m ( 5rl$ ) "e t + CB s Aer- 2 +" s ." ^ / n£ r 

l+k<!2 

We now apply the estimates for the inhomogeneous terms, i.e., Propositions l27l [28l l40l I4T1 
Y I (D e S(N k )) 2 

k +l=13 

<CAer- 2+ ^ Yl f J " ( Sr ®) n k + CB s AeT- 2+r ' s ^ Y j J% ra£ T 

i<13 St i<13 Et 

+ CAer- 2+ "^ V / (D e S(N <k ))\ 



l+k<12 

which is acceptable. The estimates for the integrated in t* terms are proved analogously, noting that the 
elliptic estimate in Proposition |9] would allow for weight in r and use the second parts of Propositions [27l 
EH |40] and Ell □ 

This would allow us to close the estimates for S(Uk) from Proposition I4T1 

Proposition 43. The following estimates for S(Uk) on a fixed t* slice hold for a < 2: 



Y I r a (D e (S(U^))) 2 <CA 



k+i=13 
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E f r a (D e (S(U k ^))) 2 KCAs^er- 1 ^. 

E [ r<*(D*(S(U kJ ))) 2 <CA S!j -reT- 2+ ^. 
The following estimates for S(Uk) integrated on [(l.l) _1 r, r] also hold for a < 1 + 5: 
E // r a (D"{S{U k , 3 ))) 2 <CA s ,x, -ier^\ 

E // r«(^(5(L/ fej ))) 2 <C7A s , Xj _ ie r- 1+ ^-. 

fc+£=12 iiK((l.l)-ir,r) 



E // r a (D"(S(U^))) <CA s ,x^ier~ 2+ ^. 

k+e < n J JK{{1.1)-1t,t) 

Proof. This follows directly from Proposition [3T] and □ 

In the region {r < ^-}, we have refined decay rates for D S(N k ): 
Proposition 44. 

E I r l -\D l S{N k )) 2 <CA 2 e 2 r- 3+ ^. 

k+ l=13 J ^n{r<^} 

E / ^{D^iN^f <CA 2 e 2 T- 4+r,s ^ +ris ^. 

fc+<X12"' S - n {''<-T 1 } 

Proof. Take k + I < 13. Notice that |[L>, < C\D1>\. 

We would like to do a reduction similar to how we estimated N k . Clearly, only the quadratic and cubic 
terms matter and we only need to consider terms that contain S for the other terms are already controlled 
by the estimates of N k . Notice also as before that the conditions in the null condition guarantee that the 
bounds do not deteriorate if S acts on the coefficients. The relevant terms are 

(d^ sr^)(D^r^) j u h > i, 

(L> 3l 5r ll $)(L» i2 r t2 $)(r 3 $), ji,j 2 > 1, « 3 > 8 and 

(L> ji r i $)(D j2 r i2 $)(s*r 3 $) j x ,h > Ms > 8. 

We first tackle the quadratic terms: 

E E / r 1 - 6 (\D 3i sr li <s>D j2 r l2 <s>\ 2 + \D 3i r li <i>D3 2 sr i2 <f>\ 2 ) 



<C I sup E r 1 - 5 ^ sr®] 2 I ( E / |£> J r 4 $| 

\ r -i i+j<7,j>l J \i+]<k+t+l,j>l -^njr^j} 



\D 3 sr<s>\ 



+ C(sup E r'- s \D^A( E / 

y-5 i+j<7,j>l J \i+j<k+e+l,j>l u ' S Tn{r<J} 

<C*Aer- 2+,)S11 E / J ^ (^r 1 *) + CAeT- 3+r,s - 11 V / J^(f J ST l $) 

i+j < k +t-i J ^n{r<%} 
+ CAeT~ 3+ ^^ V / ((D^([/,)) 2 + ( J D^(iV,)) 2 + (D 1 ^) 2 ) 

i +j <k+t-l J ^{r<%} 
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by the bootstrap assumptions (f3"3"f and (j3"5)) and the elliptic estimates Proposition \§\ and [121 Since k + l—1 < 
12, the inhomogeneous terms can be bounded using Proposition [27l [28l [40l l42l and l43l to be 

< C , y4 2 g 2 T- _4 + r 'S. 12 + r 'S. 11 

We then move on to the cubic terms: 

U+Ji<7ji>li2+j2<7j2>li3=0^ STn { r -Tff} 



<C(sup V r 2 (DJSr<£) 2 ) (sup V r 1 "" 5 (D^) 2 ) V / r~ 2 (r 
\r<i i+i < 7|J > x y \ r ^*i+i<7j>l / i=0 -^{r^} 

+ C(sup V r 1 -'(D 3 "r i $) 2 1 t 1+<5 V / r- 2 (^r l $) 2 

\ r ^*i+j<7,i>i y l =o- / ^n{r-<j} 

<CA 2 e 2 r- 5+2risll J2[ {Dr^) 2 + CA 2 e 2 T- 5+2r ' sll+s J2[ {DST 1 ®) 2 , 



*3<i)) 2 



by the bootstrap assumptions (|33[) and (|35p . which now clearly decays better than we need by using the 
bootstrap assumptions ([12]) . (fl~3]) and (Tl6l) . Therefore, 



r l -°(D t S(N k )Y 
S T n{r<^} 



_|_ (^^42 e 2 r -4+))s,i2+>)£ 



')S.ll 



The Proposition follows from the Bootstrap Assumptions (jlip . (fT3)) . (fT4"| and (fT5|) . □ 

A similar decay rate can be proved in the region {r < ^-}, if we do not require the estimate for the 
derivatives: 

Proposition 45. 



/s T n{r<2^} 

V / r x - 5 {S{N k )) 2 < CA 2 e 2 T - 4+r > s ' 12+, i s ' 1 



fc=0 ^S T n{r<^l} 

Proof. Take k < 13. The proof follows very closely from that of the previous Proposition, by noting 
that we have similar pointwise decay estimates in the region (without higher derivatives) by the bootstrap 
assumptions ()34j) and (|38j) . As in the previous Proposition, the relevant terms are 

(L>sr 4i $)(L>r t2 $), 

(L>5r 4l $)(OT l2 $)(r t3 $), i 3 > 8 and 
(OT il $)(OT i2 $)(ST i3 $) i 3 > 8. 



51 



We first tackle the quadratic terms 

6 fc 



V V / r 1 - 6 (iDSr^DT 12 ^ 2 + \DT il <I>DSr i2 <S>\ 2 ) 

i 1= 0i 2 =0 J ^n{r<%} 

<C ( sup V r^lDST 1 ®] 2 ) \ Y [ \DY l <5>\ 2 ) 

+ C ( sup V r^lDT 1 ®] 2 ) I Y I \DSrt>\ 2 ) 

<CA 2 e 2 T~ 4+, ' 14+ ' 7s ' 11 + C/leT _3+ ' ,s ' 11 [ V / 

\i=0 ^s T n{r< 



fc 



We then move on to the cubic terms 

6 fc 



Y Y [ r l ~ s ((DST ll <S>DT i2 §r*<$>) 2 + {DT il $Dr 2 <S>ST l3 <S>) 2 ) 

<C ( sup Vr 2 (DSr 1 ®) 2 | ( sup Vr" (OT l $) 2 | V / r- 2 (r l $) 
+ C\ sup Vr'-'fflr*) 2 ) t 1+<5 V / r- 2 (5P$) 



r 

k fc 



<CA 2 e 2 T- 5+2r > 3 " 11 Y j (LT 4 $) 2 + CA 2 e 2 T- 5+2r > s ll+s Y [ (DST 1 ®) 2 
<C J 4 3 e 3 T- 5+2 " s - 11 +CA 2 e 2 r- 5+2?)s ' 11+ ' 5 y / (L>ST$) 2 . 

n •'St- 



i=0 

Therefore, 



r^ 5 (5(iV fc )) 2 
s T n{r<j} 



ft p k p 

<CA 2 e 2 T- 4+r,u+ ' ns - 11 + CAer- 3 ^- 11 V / (DST 1 ®) 2 + CA 2 e 2 T- 5+271s - 11+s V / (DSr<f>) 2 



The Proposition follows from the Bootstrap Assumptions (|13[) . (fl4|) and (|T5j) . □ 

We then move on to the region {r > 
Proposition 46. For a = or 2, 



f {S(N 13 )) 2 < CA 2 e 2 T~ 2+ ^^ 

JT, T n{r>%} 

r a (S(N u )f < CA 2 e 2 T- 3+a+r <^ 2 

s T n{r>%} 
n 

Y / r^iSiNk)) 2 < CA 2 e 2 T- i+a+ris -^. 



52 



Proof. Take k < 13. Following the reduction before and noticing that [D, S] ~ D and [D, S] ~ £>, we have 
to consider quadratic terms 

(.ost^-DP^), (LT^D^r 12 *), (z>5T ii $5r ia $), 

for ii > Z2 and the cubic terms 

(dt 11 <$>dt 12 $sr 23 $) , (L>r Ji $5r 12 $st 13 $) , r~ 1 (£>r Ji $ot 12 $st 13 $) . 

For these cubic terms, we can assume < 6 for otherwise 13 < 6 and we can control the last factor in the 
sup norm and reduce to the quadratic terms above. The cubic terms 

(L>ST li $L>r 42 $r 43 $), (L>r n $L>sr 42 $r l3 $), (DSr^QDr^r 3 ®), 
(dt 11 $Dsr 12 $r 23 $) , r~ 1 (z?sr Ji $ot 12 $r 13 $) , r~ 1 (L>r Ji $dst 12 $r 13 $) . 

are irrelevant here because 13 < 13 and we can thus control the last factor in the sup norm to reduce to the 
quadratic terms above. As before, we also have terms that do not have S (from SA or from the commutators 
[D, S], [D, 5]), but they already appear in jVj. and we will use the estimates proved for Nk in Proposition 1521 
We first estimate the quadratic terms. The crucial technical point here is that we do not have an improved 
pointwise decay estimate for DST % $> because we have used S in the proof of Proposition \T§\ and we are only 
commuting with S once. Nevertheless, since k < 13, we can instead put DT l § in L°° . 

LlJ k 

\2 



y y / r a (Quadratic Terms) z 

<C \ sup V r 2 |OT J2 $| 2 ) y / r a - 2 \Dsr^ 

+ C\ sup fr 2 |DSr$| 2 | V / 



$|2 



r a - 2 \DT n ^\ 2 



r a - 2 \DSr il <f>\ 



+ c( sup y r 2 |5r i2 $i 2 ) y / 

+ C\ sup V r 2 |OT ll $|2] y / 

V>ft<7=0 / « 2= o^ T n{r>f &} 

+ Cr- 2 (sup y r 2 ^ 2 *! 2 ) y / 
+ Cr- 2 [ sup Y r 2 \DSr 2 <£\ 2 } V / 

CAe V / r a ~ 2 (\DST ll ^\ 2 + \Dr i <5>\ 2 ) + CAe T - 2+rni V / 

a+,)S11 (sup y r 2 !^ 1 ^! 2 ) + CAer 

\«->!frii=o / 



Q - 2 |L>5r J2 $| 2 



r a - 2 |L>ST n $| 

r n{r>Sx } 



r a - 2 \DT h <f>\ 2 

r n{r>%} 



„a—2 1 n Q-riirf-.\2 



s T n{r>f§} 
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We then estimate the cubic terms 

L|J k 



V V / r a (Cubic Terms) 2 

<C ( sup V (r 2 DT 1 ^) 2 ) ( sup V r 2 (DT l *<pf | V / r Q - 4 (Sr 3 $) 2 

+ cv- 2 f sup f^tor^) 2 V / r Q - 4 (sr 3 <i>) 2 

<CA 2 e 2 T- 2+r,li V / r a - 2 (L>ST 3 $) 2 , 
, i3=0 is T n{r>fr} 

which is better then the estimates obtained for the quadratic terms. We hence focus on the quadratic terms 
and spell out explicitly what the estimates amount to for different values of k and a. 



6 13 



Y\ T2 f (Quadratic Terms) 2 < CA 2 e 2 r~ 2+r ' s - 13 + CA 2 e 2 T- i+ns - 11+me , 



and 



6 12 . 

V V / (Quadratic Terms) 2 < CAVt^" 5 - 12 + CA 2 e 2 T' 



and 



6 11 



V V / (Quadratic Terms) 2 < CA 2 € 2 t' 4+71s - 11 + C^ 2 e 2 T~ 4+ " s ' 11 . 

.• 2 =Oi 1= o Mn{r>%} 



and 



6 12 

r2 (Quadratic Terms) 2 < CA 2 e 2 ( T - 1+r,s - 12 + T - 2+ " 14 + T - 2+,ls ^) 

■■ 2 = 0il = Mn{r>%} 



and 



V V / r 2 (Quadratic Terms) 2 < CA 2 e 2 ( T - 2+ " S11 + T~ 2+ri1 



□ 



With the estimates for the inhomogeneous terms for the equations involving S, we can now retrieve 
the bootstrap assumptions involving S. We will follow the order that we proved the estimates without S, 
namely, first proving the pointwise estimates, then the integrated estimates, then the energy estimates and 
finally the energy estimates involving also Y. Noticing that Uk.j (respectively N/.) and S(Ukj) (respectively 
S(N k )) satisfy similar estimates (see Propositions I5T1 l"*S"2I l4"5l [4*51 and |4*5|) , we would focus on showing that 
the estimates for V k are enough to close the bootstrap assumptions. We now prove the pointwise estimates 
and retrieve the bootstrap assumptions (f57|) . (|4*"">)) and (|4"4"|) . 



Proposition 47. For r > ^- 



B 

\DSP<I>\ 2 < -yAer- 2 . (69) 

j=o 
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6 B 

^\DST^\ 2 < -^Aer^ity^il + lul)- 2 . (70) 



For r < t r, 



]=0 

4" 



6 o 

^ |ST J '$| 2 < -j-Ae(t*)- 2+ ^. (71) 



7-j 6 



^2^2\D e ST^\ 2 < ^-Aer- 2 {t*)- 2+ ^. (72) 



i=\ j=0 



Proof. The proof of the estimates for r > — (i.e. I[6"9"]) and ([70)) ) is completely analogous to Proposition 
l33l with the use of Propositions [28j [31] [32] replaced by Propositions [40] [43] [45] [46] appropriately. Notice 
especially that the estimates in Proposition [40] for V is better than that in Proposition [43] for SU and are 
thus acceptable. 

(|7ip follows directly from Proposition 1221 and the bootstrap assumptions (|11[) and (|15p. Here, we need to 
use also (|lip because we would need to commute S with <9 t » and would get terms that do not contain S. 

([72]) follows directly from Proposition[2Tl the bootstrap assumptions (flTT) and ([15]), as well as Proposition 
[28 ] I3T1 l40l l43l and l44l to control the inhomogeneous terms. As before, (fTT]) and Proposition l28l l3i"1 are used 

7-j 6 

to control the terms arising from [S,d t *]. Notice here that the decay rate for EE \D e ST j ®\ 2 is not as 

1=1 j=0 

9-3 8 9-j 8 

good as that for |D^r J <I>| 2 because in proving the decay rate for \_. E {D^r^l 2 , we have used the 

i=l j=0 £=1 j=o 

quantities associated to S§, while we do not have estimates for S 2 & at our disposal. □ 

As before, once we have proved the L°° bounds, we will replace the constant B$ by C . 
Proposition 48. 



i+j <11 



i+j<ll 



E A tx, K x °(sdiM^)< e -T-^". (73) 

E A tx,j 1 1 KXl (sdtM j $) < |r- 1+ ^-. (74) 

-j<n J J Jn((i.i)-iT,T)n{r<^-} v ' 2 

Y A sxi [f rXo (sdLW®) < £ r - 2+w '". (751 

E // . (5flJ.fi**) < f r- 2 +— . 

-f<10 ' J^((l.l)-ir,r)n{r<^} V 7 2 



(76) 

<+3 -< 10 JJTC((l.l)-ir,r)n{r<^-} 

Proof. This follows exactly as Proposition [34] except for replacing the use of Propositions [28l [3T1 and [32l with 
Propositions [40] 03] 05] and [46] □ 

Proposition 49. 

E A SJ [ J " (Sdi,&$) < e -r^. (77) 

i+i=13 St 

A sjE/ (59|.0^) n^<|. (78) 

E / / kX ° (S%.&*) < e -r^. (7Q) 

E A tx,3 1 1 kX ° (sdtM^) < \. (80) 
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Proof. This follows exactly as Proposition [35] except for replacing the use of Propositions |2"51 I3T1 and |3"21 with 
Propositions gQl USUI] and gi □ 

Proposition 50. 

E A ti ( I J " +N ' WZ (SOt-V*) < + Cr* f 9t J« (5flJ.fi**) < t ) < (81) 

i+j=12 "'S T n{r<§J} y 



Proof. This follows exactly as Proposition [36] except for replacing the use of Propositions l28l I3T1 and l32l with 
Propositions SQl HS1 145] and Si □ 



Proposition 51. 

E ^ (7 J" +N ' wZ (s(diM^))n^ r +Cr 2 [ J? 1 5 (fl^$) j r% r I < -r^ (82) 

Proof. This follows exactly as Proposition [37] except for replacing the use of Propositions l28l IBTl and l32l with 
Propositions SQl SSI [45] and 061 □ 

To close the bootstrap argument we need finally to consider energy quantities with both S and Y. 

Proposition 52. 



E I J? (^Sd, 

+k=12 JV T n{r<r Y ] V 

E A s!yT 2 I J? (Y*Sdi.*) 

i+k<U Jz T n{r<r Y } V ' 



e 



< -T VS ' 

~ 4 



Proof. This follows exactly as Proposition[55Jexcept for replacing the use of Propositions[njJwith Propositions 
H0]and[45] □ 



7 Proof of Theorem 1 

Now all the bootstrap assumptions are closed and all the estimates hold. The solution hence exists globally 
by a standard local existence argument that we omit here. The decay estimates of the the derivatives of 
$ claimed in the Theorem are restatements of (|5"T1) . ([52"j) . (|3"3"|) . The decay estimates follow from the use of 
Proposition [TBI and (|3"T|) for r > R and Proposition [231 and (jBTJ)) for r < V- 
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